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Deposition of a viscous fluid on the wall of a tube 


By G. I. TAYLOR 


Cavendish Laboratory, Cambridge 
(Received 27 September 1960) 


Measurements of the amount of fluid left behind when a viscous liquid is blown 
from an open-ended tube are described. 





Introduction 

When air is blown into one end of a tube containing a viscous fluid it forms a 
round-ended column which travels down the tube forcing some of the liquid out 
at the far end and leaving a fraction m in the form of a layer covering the wall. 
This fraction has been measured in some cases by Fairbrother & Stubbs (1935), 
who were interested in the question whether a bubble of air in a capillary tube 
through which a fluid is flowing is a true index of the velocity of the flow. If 


U is the velocity of a bubble and U,, the mean velocity of the fluid ahead of it, 
(1) 


Fairbrother & Stubbs’s experiments were limited to the case when m is small, 
and in that case they found as an empirical relationship, which covered experi- 
ments made with fluids in which the velocity U, the surface tension 7’ and the 
viscosity 4 all varied, m = 1-0(uU/T)h. (2) 
As these authors point out, it is to be expected that m should be a function of 
hU|T since that is the only non-dimensional combination of these three symbols, 
but that m should be proportional to (U/T)} has not been explained, nor has 
the coincidence that the empirically determined constant is 1-0. Fairbrother & 
Stubbs point out that there are theoretical and experimental reasons for believing 
that the thickness of the film left on a plane sheet when it is pulled vertically out 
of a fluid is proportional to U?. This, however, is not a proper analogy since the 
existence of the film is due to a balance of viscous and gravitational forces, 
whereas when the fluid is blown out of a horizontal tube gravity plays little part 
in the phenomenon. 

The empirical relationship (2) can only be valid when m is small; in fact if 
#U/T is greater than 1 so that the corresponding value of m is greater than 1, 
(2) is meaningless. In the experiments to be described it was found that (2) is 
a good approximation in the range 0 < “U/T < 0-09. The maximum value of 
p#U/T obtained in Fairbrother & Stubbs’s measurements was 0-014 so that they 
were well within the range in which (2) holds. When ~U/T' increases beyond 
0-09, m is less than would be predicted by (2). The experiments were extended, 
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using very viscous fluids, to ~U/T = 1-9 (ie. to 135 times Fairbrother & 
Stubbs’s maximum value) when m had reached 0-55. The apparent trend of the 
curve of experimental points seemed to indicate that m was approaching an 
asymptotic value at that stage. It seems therefore that if one attempts to blow 
a very viscous fluid out of a tube more than half may be left behind when the 
air column breaks through at the far end of the tube. 


Experimental details 

The method adopted was similar to that used by Fairbrother & Stubbs, but 
since only one long interface between air and fluid, rather than separate bubbles, 
was required, the method of introducing the air column needed careful design. 
The apparatus is shown diagrammatically in figure 1. Since the object of the 
experiment was to obtain large values of ~U/T without increasing the speed of 
flow to such an extent that the stresses due to inertia were comparable with those 
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Figure 1. Sketch of apparatus. 


due to viscosity, most of the experiments were carried out with fluids of large 
viscosity. Glycerine and strong sucrose solution (golden syrup) diluted with water 
till its viscosity was 28 poise at 20°C was used. Glass tubes of accurate bore, known 
as ‘Veridia’ tubes, of 2 and 3mm bore and 4 ft. long were used. The 3mm tube 
was slightly conical so that its cross-section varied uniformly through a range 
of 14 % over its length. The 2mm tube had only a quarter of that variation. In 
figure 1 the tube A has interchangeable brass end pieces B. At the far end these 
fitted into a fixed ball valve C. The fluid passing the ball passed into a weighed 
crucible D so that the amount discharged in a measured time could be weighed. 
At the near end the tube fitted into a chamber £ which could be filled with fluid 
from the container F through the valve G. The air which was forced through the 
tube was supplied from the Perspex chamber H, and the pressure in H could be 
raised to 3 atmospheres or more by raising a mercury container J. To maintain 
the mercury level in H constant the air pressure was raised by means of a sub- 
sidiary pump K, while the container J was raised. The pressure vessel could be 
cut off from the chamber H by turning a tap L. 
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To perform an experiment the tap LZ was closed and the valves G and C 
opened. The chamber £ and the tube A were then filled, if necessary by applying 
air pressure to the container Ff. The valve C' was then closed and the crucible D 
placed in position. By unscrewing a cover M the chamber EF was then emptied 
leaving a meniscus of fluid in the end of the tube. After replacing the cover M 
the tap L was opened and the air pressure in E raised to about 3 atmospheres, 
































FicurReE 3. Rough sketch of possible streamlines. 


The apparatus was then ready for the experiment. The ball valve C was suddenly 
turned to a previously determined position and at the same moment a stop- 
watch was started. The meniscus then moved at a nearly uniform speed along 
the tube. After the meniscus had gone some way along the tube the ball valve C 
was suddenly closed and simultaneously the stop-watch was stopped. The 
position of the meniscus was read and the length of the air column in the tube 
determined. The crucible was weighed and the weight w per unit length of the 
fluid expelled was measured. The weight per unit length of the fluid in the tube 
when full was wy = pza?, where p is its density and a the radius of the tube. 
Evidently l—m = w/w,. 


The viscosity of the fluid used was determined by the capillary-tube method and 
the surface tensions of glycerine and concentrated solutions of sucrose were taken 
from physical tables. 
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Results 

The results are shown in figure 2 where m is plotted against ~U/T’. 

For comparison with the measurements of Fairbrother & Stubbs the parabola 
m = (“U/T)} is shown as a broken line, and the range of values of ~U/T covered 
by them is also shown. It will be seen that the present experiments are in good 
agreement with m = (”U/T)} up to ~U/T = 0-09, but that above this value 
m increases more slowly than (wU/7)} till at the highest values reached m 
approaches 0-55. The trend of the curve suggests that m reaches a limiting 
value above 0-56, when the stresses due to viscosity are much greater than those 
due to surface tension. It will be noticed that when m = 0-5 the flow velocity 
at points far from the meniscus is identical with that of the meniscus, so that if 
m > 0-5 the central filament is moving towards the meniscus, whereas if m < 0-5 
the central filament is moving away from it. If the flow is reduced to steady 
motion by superposing a velocity — U it is only when m > 0-5 that the flow with 
only one stagnation point is possible. This is shown by the sketch of figure 3a. 
The two simplest possible types of flow when m < 0-5 are shown in figures 3b 
and 3c. In 35 there is one stagnation point on the vertex and a stagnation ring 
on the meniscus. In figure 3c there are two stagnation points on the axis. 
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The motion of long bubbles in tubes 


By F. P. BRETHERTON 


Trinity College, Cambridge 
(Received 9 November 1960) 


A long bubble of a fluid of negligible viscosity is moving steadily in a tube filled 
with liquid of viscosity ” atsmall Reynoldsnumber, the interfacial tension being o. 
The angle of contact at the wall is zero. Two related problems are treated here. 

In the first the tube radius is so small that gravitational effects are negligible, 
and theory shows that the speed U of the bubble exceeds the average speed of 
the fluid in the tube by an amount UW, where 


W ~ 1-29(3uU/o)i as pU/o 0. 


(This result is in error by no more than 10% provided “~U/o < 5x 10-3.) The 
pressure drop, P, across such a bubble is given by 


P ~ 3-58(3uU/a)io/r as pUlo>0 


and W is uniquely determined by conditions near the leading meniscus. The 
interface near the rear meniscus has a wave-like appearance. This provides a 
partial theory of the indicator bubble commonly used to measure liquid flow- 
rates in capillaries. A similar theory is applicable to the two-dimensional motion 
round a meniscus between two parallel plates. Experimental results given here 
for the value of W agree well neither with theory nor with previous experiments by 
other workers. No explanation is given for the discrepancies. 

In the second problem the tube is wider, vertical, and sealed at one end. The 
bubble now moves under the effect of gravity, but it is shown that it will not rise 
— pgr?/o < 0-842, 
where p is the difference in density between the fluids inside and outside the 
bubble. If 


0-842 < pgr2/o < 1:04, then pgr?/o—0-842 ~ 1-25(uU/o)s + 2-24("U/o)!, 


accurate to within 10°. Experiments are adduced in support of these results, 
though there is disagreement with previous work. 





1. Introduction 


In many physical experiments the rate of fiow of a liquid is measured by pass- 
ing it through a capillary tube of radius 7, containing an indicator bubble of air, 
of length several tube diameters. It was pointed out by Fairbrother & Stubbs 
(1935) that such a bubble moves somewhat faster than the average speed of the 
liquid in the tube, because it does not behave like a closely fitting piston. Motion 
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in which the ends of the bubble formed two hemispherical caps filling the tube 
cross-section would involve infinite viscous stresses at the wall. The only physical 
forces tending to maintain the shape of the ends against these stresses are those 
due to the uniform pressure within the bubble, to surface tension, and to gravity. 
If the tube radius is sufficiently small for gravity to be negligible, it is to be expec- 
ted that there will be a film of liquid of uniform thickness b between the front and 
rear menisci, which is in a region of uniform pressure with no tangential stress 
on the free surface, and therefore at rest. Goldsmith & Mason (1960) have shown 
experimentally that this is indeed so. The volume swept out by the bubble when 
moving with speed U must equal the average speed of the liquid in front and 
behind it, multiplied by the cross-sectional area of the tube. This average speed 
is thus less than that of the bubble, in the ratio 1— W = (1—b/r)?. Measurements 
or calculation of the film thickness b therefore provide corresponding values 
for W. 

The first problem considered in this paper concerns the balance between sur- 
face-tension and viscous forces for a steadily moving interface between an 
incompressible fluid of viscosity ~ and another negligible viscosity, both being 
contained in a circular tube of radius 7. The viscous fluid is assumed to wet the 
tube wall and the interfacial tension o is assumed well defined and constant. This 
implies that the viscous stress tangential to the interface vanishes. The magni- 
tudes of inertial, gravitational and viscous forces, relative to surface-tension 
force, are given roughly by the dimensionless numbers 


prUtico, pgrio, pUlo, 


where p is a representative density, and U is the speed of the bubble. We shall 


assume to begin with that 
prUulu <1, pgrio <1. 


The first condition is that the Reynolds number based on the tube radius is small, 
and the second that surface-tension forces are much more important than gravi- 
tational forces. These requirements will later be somewhat relaxed. The ratios 
b/r and W must then be determined by consideration of viscous and surface- 
tension forces alone, and so are functions only of ~U/o. Fairbrother & Stubbs 
(1935) confirmed this and suggested after several experiments that 


W =1-0(uU/c)t for mU/o < 0-015. (1) 


These results have been extended by Taylor (1961) to values of ~U/o between 
0-015 and 2. Equation 1 is valid till ~U/o reaches 0-09, while for larger values W 
asymptotes to 0-56. Marchessault & Mason (1960) have proposed the relation 


W = (u/o)?{-—0-10 + 1-78/03} 
for »U/o between 7 x 10~* and 2 x 10-*. In §2 of this paper a theory is presented 


which leads to the result W ~ 1-29(3) Uo), (2) 


accurate to within 5°% if ~U/o < 0-003. In view of the discrepancies between 
these values, the author repeated Fairbrother & Stubbs’s experiments using a 
different method. The results are reported in §3. 
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The second problem considered (§4) concerns a wider tube, vertical and sealed 
at one end, so that gravity is important. On dimensional grounds the speed of 
rise U at low Reynolds number must be given by 


pU |o = fipgr?|o) 


for some function f, where p is now the difference in density between the fluid 
outside and that inside the bubble. The basic method used to determine ff is 
similar to that of the first problem, but the results are quite different. 

It was noticed by Gibson (1913) and independently by Barr (1926) that if 
pgr?/o is sufficiently small the bubble does not rise at all. Barr gives a critical 
value of 0-15. Goldsmith & Mason (1960) suggest instead pgr?/o > 1-27 as a 
criterion for a rising bubble. The analysis of §4 yields pgr?/a > 0-842, and this 
is briefly confirmed by experiment. 

The idea behind the theoretical treatment of these two problems is that for 
sufficiently small ~U/o the viscous stresses appreciably modify the static profile 
of the bubble only very near the wall. In this region it turns out that the ‘lubrica- 
tion approximation’ gives a good description of the flow and of the profile. In 
the centre of the tube the static profile is still appropriate and there is a region of 
overlap in which the two are matched. In §§2.1 and 4.1 the approximate equa- 
tions are stated without derivation; §§2.2 and 4.2 the self-consistency of this 
process is examined retrospectively, and an estimate obtained for the range of 
values of ~U/o for which it is valid. 


2. Bubble in a capillary tube. Theory 
2.1. First approximation 


(i) In this section gravity is assumed negligible. A section of the bubble is 
given in figure 1 and this is assumed axisymmetric. A gross violation of this 
symmetry would be visible in practice and does not seem to occur. Also, in this 
problem, the motion near the wall is essentially determined by a local mechanism, 
and there is no obvious way in which the interaction between the flow at opposite 
ends of a diameter can arise, which is a feature of the asymmetric descent under 
gravity of solid spheres closely fitting in a tube, as considered by Christopherson 
& Dowson (1959). 

For a bubble at rest there are no viscous stresses. The front and rear menisci 
must assume shapes of constant mean curvature x,. The only such axisymmetric 
shape with no singularity on the axis is a portion of a sphere and, if the angle of 
contact at the wall is zero, it must be a hemisphere. 

For sufficiently small non-zero ~U/o, the interface may be divided into several 
regions. The front and rear menisci are separated by a region CD, where a uniform 
film of fluid is at rest on the wall of the tube. This region is taken to be long com- 
pared to the film thickness 6. The contribution to mean curvature due to axial 
symmetry is constant and equal to 1/(r—b). Also, it is assumed that b/r < 1. 
Away from the wall the viscous stresses are O(uU/r), whereas stresses due to 
surface tension are O(ox,). Thus, in regions AB, EF the fractional change in mean 
curvature, dx,/K,, due to the motion is O(uU/c). However, in regions BC, DE 








th 
to 
or 
re 
of 
Jai 
of 


ar 


Ca 





aled 
d of 


luid 
f is 


it if 
‘ical 
is a 
this 


for 
file 
ica- 

In 
n of 
ua- 
this 
2 of 





Motion of long bubbles in tubes 169 


the viscous stresses are O(uU/b) and x, changes from approximately 2/r at B, E 
to approximately 1/r at C, D. It cannot be deduced that b/r = O(uU/c), for only 
gradients of stress, rather than the stresses themselves, can be equated. In the 
regions BC, DE variations of the viscous stress are across the film, in a distance 
of O(b), but changes in surface-tension stress occur along the tube and may be of 
larger scale. It will appear later that the relevant value is O(br)?. In the centre 
of the tube, however, both variations must be of the same scale O(r). 
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FIGuRE 1. Section of a bubble in a horizontal tube. 
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Ficure 2. The transition region. 


(ii) We now consider in detail the transition regions BC, DE using the nota- 
tion of figure 2. For sufficiently small ~U/o the interface, y = y,, is almost paral- 
lel to the tube wall throughout the region, and the fluid thickness is much less 
than the tube radius, so it is plausible that the ‘lubrication approximation’ 
may describe the flow. Accordingly we make the following approximations. 

The fluid motion in the transition region may be treated as if the region were 
plane, not annular. Further we take dy/dx < 1 throughout the region. The pres- 
sure p, within the film is effectively independent of y for given x, and the z- 
derivatives of velocity u,, u,,, etc., may be neglected in comparison with the 
corresponding y-derivatives, w,, u,,. The condition of zero tangential stress at 


the interface reduces to 
u,=0, when y=4y, (3) 


and the normal stress condition at the interface, 
py + OK, = —2u{1+ (dy,/dz)4u,, when y=, 
can be taken as 
(4) 


Pr-O Ga 


That these approximations are self-consistent will be shown ‘a posteriori’ in 
§2.92 


$4.2. 
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Under these conditions, the Navier-Stokes equations for small Reynolds number 
become 


1 dp, 
ie oe (5) 
and the boundary condition at the wall is 
u=0 when y=0. (6) 


The volume-flux of fluid in unit time per unit of circumference at any value of x is 


y 
V -| ‘u(t =) dy, 
0 r] 


or, to the approximation considered in this subsection, 
; y y? d 
V -| ‘udy = -2 (7) 
. 3 da 
from repeated integration of equation (5), using boundary conditions (3) and (6). 
However, since the motion is steady continuity requires, again approximating, 
V =U(y,-9), (8) 
for some constant c. Using the pressure boundary condition we obtain 
d*y, — 3uUy,—¢ 
— (9 


But when y, = 6, d*y,/dz? = 0, soc = b. Equation (9) describes the profile of the 
film throughout the region BCDE. It may be put in universal form by the 
substitutions 





y, = by, x =b(3uU/o)-Sé. (10) 
d§y = »-1 
Then des = 7p (11) 


The author is indebted to Sir Geoffrey Taylor, who first drew his attention to this 
equation. 

(iii) The relations (10) show that, for a given solution of equation (11) and for 
sufficiently small (3uU/c)!, there will exist regions in which 


n=y/b>1 and y,/r = by/r <1, 


F J\4 
but in which ayy a (7) = < l, 


o 
so that equation (9) is still valid. Then from equation (11) we see that in these 


regions d3y/dé3 ~ 0 and 
. M 9 = 3PH?+QE+R, 


for some constants P, Q, R. This gives 
3uU\i 2? _ (3uU\3 
~ 4P|—] — ——] «+b. 12 
Yn 2 ( a b +@( o =F ( ) 
However, in this region the mean curvature 
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Equation (12) thus refers to a region of constant mean curvature and thus 
describes a profile determined by surface tension alone. This may be extended 
beyond B, E outside the range of validity of equation (9), by/r < 1, into the central 
regions AB, EF of the tube. There the previous analysis does not hold, but viscous 
stresses must still have a negligible influence on the-profile. This is thus a surface 
of constant mean curvature extending across the tube with tangent nearly 
parallel to the wall at a distance O(b/r) from it. It is therefore a portion of a sphere 
of radius r to a first approximation, and the mean curvature of the profile de- 
scribed by equation (12) is to this approximation 2/r. Thus 


2 


as 7“) P. (13) 
r o 
The constants P, Q, R, will not, in general, be the same at the two ends B, E£. 
But since they refer to one solution of equation (11), continuous in the whole 
region BCDE, there are relations between their values. 

In region CD, y, ~ b and d*y/d&3 ~ 7-1. This has the general solution 


9 = 1+ae+ Be-¥ cos (,/3E/2) + ye-4 sin (,/3E/2). (14) 


All terms on the right-hand side but the first are small compared to unity through- 
out the region CD. If (l/b) (3uU/o)' > 1 where lis the length CD, we have 


near C, 9—-1~ ae, (15) 
near D, 9—1 ~ Be-** cos (V/3E/2) + ye-*# sin (./3/2). (16) 


These equations indicate that the front and rear menisci may be treated separ- 
ately, and that there is a fundamental difference between them. 

(iv) Equation (15) contains one disposable constant «, but this may be made 
unity by asuitable change of origin of €. There is near C essentially a unique 
solution of equation (11), and by stepwise integration in the direction of increas- 
ing € one obtains, relative to this origin, unique values of the constants, P, Q, R. 
The position of the origin is, however, physically irrelevant. We might equally 
choose it so that @ vanishes. A different choice yields the same profile shifted 
laterally, and corresponds to a bubble of the same shape in a slightly different 
position in the tube. 

This integration has been performed for the author by Mr B. M. M. Hardisty, 
obtaining P = 0-643, Q == 0, R = 2-79, whence using equation (13) 


blr = 0-643(3uU/o)i. (17) 


The whole of the analysis thus far has hinged on the assumption that b/r is small. 
This is now seen to be self-consistent for small values of (3U/o)3. A full discussion 
of all the approximations made will be found in § 2.2. 

Substituting in equation (12), near B, we have 


Y, = 4(x2/r) +1-79(3uU /o)ir. (18) 


Now the right-hand side of equation (9) describes the effect of viscous forces on 
the curvature of the bubble interface in the region where these forces are largest, 
namely near the wall. The departures from sphericity in regions AB, EF, are of 
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the same order as the change in the curvature d?y,/dx? obtained by truncating the 
integration of equation (9) at the largest value of y, for which dy,/dx < 1 is valid. 
Thus, to the approximation considered in this section, equation (18) describes 
in the region BC an accurate continuation of the spherical region AB. This 
virtual hemisphere (shown as a dashed curve in figure 2) has a tangent parallel 
to the wall at a distance r{1 — 1-79(3~U/c)3} from the centre of the tube. Thus the 
true mean curvature of the region AB is (2/r){1+1-79(3”U/c)%}. The small 
difference from 2/r does not invalidate the identification (13), but this observa- 
tion does enable us to estimate the pressure drop across a moving front meniscus. 
This arises partly from viscous stresses in the Poiseuille flow in the capillary 
and in the unknown motion near the central spherical portion of the meniscus, 
and partly from the pressure drop across the interface itself, due to surface ten- 
sion forces. For any given geometrical arrangement, the viscous stresses are 
proportional to ~U/r, whereas the surface tension stresses are 


(2o/r) {1 + 1-79(3U /o) 3}. 


Thus the dynamic pressure drop 3-58(3”U/a)3 (7/r) will dominate for sufficiently 
small (w/c). 

(v) At the rear meniscus the situation is different. In equation (16) are two 
disposable constants. Change of origin in £, which corresponds to lateral dis- 
placement of the whole rear meniscus without change of shape, can account for 
one of these, but it is still possible, by varying the other, to obtain by stepwise 
integration any value of P > 0 and corresponding values of Q, R. Thus the identi- 
fication (13) may be carried through for any value of b/r. Given b/r, however, 
there corresponds a unique profile and a well-defined virtual hemisphere. The 
profiles all show oscillations in thickness, the minimum value of y/b decreasing 
as P increases. The pressure drop across a moving rear meniscus exceeds the 
static value 2o/r only if (b/r)(3“U/c)-3 < 0-9. For larger values it tends to 
assist rather than hinder the motion. The necessary energy comes from the 
finite volume of liquid in the film of thickness 6 at a pressure o/r higher than 
the liquid behind the meniscus. For values of (b/r) (3uU/o)-3 < 0-9 the energy 
dissipated in the transition region DE exceeds this amount and external work 
has to be done to make the meniscus move. If b/r is defined by a front meniscus 
travelling with the same speed U, (b/r)(3u“U/o)-3 = 0-643, the dynamic pressure 
drop is found to be — 0:930(3”U/c)i o/r, and the minimum film thickness to be 
0-716 6. Thus the rear meniscus contributes to the total dynamic pressure drop 
across the bubble, which is 4:52 (a/r) (34U/o)3. 

(vi) It remains to calculate the value of W, the fractional velocity correction 
measured by Fairbrother & Stubbs. This is easily seen to be the proportion of the 
cross-sectional area of the tube occupied by the film of thickness b, so 


W = 1-29(3uU/o)3 (19) 


to the approximation considered here. 

(vii) A meniscus at rest between two parallel plates in such a way that the 
radius of curvature in the plane of the plates is large compared to the distance 
between them must assume an almost semicircular profile when viewed in normal 
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section in a plane at right angles to the plates. Changes in curvature due to sym- 
metry about the tube axis do not enter into equation (9), so the theory of this 
subsection can be taken over directly to the almost two-dimensional motion 
about a moving meniscus between two parallel plates. The only amendment is 
that the pressure drop across each meniscus should be halved. 


2.2. Justification of the approximations 


In this subsection we review and extend the approximations made in §2.1. 
These arise in several different ways and will be treated separately. 

(i) Consider first the requirement that inertia forces can be neglected in com- 
parison with viscous forces. The previous analysis shows that, provided inertia 
forces are not so large as to cause appreciable distortion near the centre, this is 
important only near the walls where the interface profile departs appreciably 
from the spherical. In nearly parallel flow the appropriate Reynolds number 
measuring the relative importance of inertial and viscous forces is pUb?/uL, 
where L is the length scale of variations downstream, in this case r(~U/o)!. To 
neglect inertia we require not pUr/u < 1, but 


prU2/o <1. 


This is also the condition that inertia forces are negligible in the centre of the 
tube. 

(ii) Secondly, consider the neglect of gravity forces. These can be important 
both in affecting the flow in the film remaining on the wall, and also in distorting 
the shape of a static meniscus which we have assumed spherical. The first will not 
affect the proportion of fluid left behind by the front meniscus; such fluid will 
merely drain to the lowest generator of the tube. The time scale for this is much 
longer than the time taken for the meniscus to move a tube diameter if 


pgb?|uU < 1, ic. if (pgr?/o) (uU a) <1. 


The change in static profile affects the identification (13). If pgr?/o is appre- 
ciable, x, varies from point to point of region AB. Thus (3”U/c)3 (P/b) will also 
vary, and the average value of b over the tube circumference might differ from 
that given by equation (13). The complete solution of this problem for a horizon- 
tal tube is difficult. It is that of finding the surface which touches the wall of a 
horizontal cylinder, and which has a curvature linearly dependent on the height 
above the lowest generator. The relevant non-linear partial differential equation 
has no obvious general solution. However, the author has assumed (pgr?/a)? to 
be negligible and obtained the resultant small perturbations of the surface from a 
hemisphere. To this approximation, the average value of 6/r for a horizontal 
tube is identical with that given by equation (13). 

For a vertical tube the problem is easier. The ratio b/r is increased by a factor 
1+ 2pgr?/o + O(pgr?/o)? for a rising bubble and by 1 — (3pgr?/o0) + O(pgr?/o)? for 
a descending one. 

(iii) The last and most significant approximations are those made to obtain 
a solution of the problem in which gravity and inertia are entirely neglected. The 
value of b/r obtained, which is O(wU/c)i, shows that the contribution of the axial 
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symmetry to the mean curvature of the interface in the transition regions differs 
from 1/r by an amountof order (1/r) (wU/c)3. The neglect of this in equation (9) is 
justified, for d?y,/dz? is of order 1/r. For similar reasons terms like 2uw, in the 
pressure-boundary condition and corrections to the equations of continuity are 
all found, when calculated, to be negligible provided (”U/c)} is sufficiently small. 
Just how small ‘sufficiently’ is will be established in the remainder of this sub- 
section, which is devoted to setting up the exact equations and using the results 
of §2.1 to obtain a closer approximation. Thence the range of validity of these 
results will become apparent. 

(iv) We use the notation of figure 2, remembering that the flow is axisym- 
metric. Neglecting inertia terms the Navier-Stokes equations become 


1 1 
pee = Uny + Uyy = r—y Uy 


1 
pry = Vae + yy ~~ -y *y (r—yp v. (20) 
The equation of continuity is 
, ‘ 
Met y =0) (21) 
and the boundary conditions at the wall are 
u=v=0, when y=0. (22) 


At the surface y = y,, the normal has direction cosines (—sin 8, cos0@) where 
tan 0 = dy,/dzx. The components of the stress tensor are 


Ding? — P+ Bly; Dyyi—P+2pu,; Py: (Uy +V,). 
We equate the tangential and normal stresses to 0 and ox, respectively, giving 
/{(Uz— Vy) (— 2 sin 6 cos A) + (u, + v,) (cos? @ — sin? 6)} = 0, 
—ptp{2u,sin® 6 + 2v, cos? 6 — 2(u, +,) sin 6 cos 6} = ok. 


At this stage it is an advantage to develop the notation. The suffix 1 attached 
to any symbol denotes that its value is to be taken on the surface y = y,. The 
prime ’ denotes differentiation with respect to x along the surface. We must 
distinguish carefully between, for example, u,, and u;. The former is the value 
of du/0x taken at y = y,; the latter is the derivative of the value of wu at the free 
surface, and is u,, + U,,y;- Remembering that tan 0 = y; and using equation (21), 
after some manipulation the surface-boundary conditions may be written 





, 
v 2y 
‘ 1 1 i 
Uy = — 0+ (20. ~ —) a (23) 








and —OK,—p; = (20.2 es rs (l+y,)t- "1 (24) 


where Kw = v(Lt+ yy)? -Y+(l+y?)4/r—y. (25) 
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The Navier-Stokes equations become 


1 , Uu 1 r ; 
on “Mast Ty tg Oe Pe (26) 
and the continuity conditions | 
~ oo ny 
V—-| udy= -{ u—dy (27) 
0 0 r 
and V —U(y,—c¢) = — Uyj/2r (28) 


complete the exact equations for this problem. We see that in the previous sub- 
section everything on the right-hand side of these equations was neglected. 
Neglecting these small terms, triple integration of equation (26) with respect to 
y using boundary conditions (22), (23) and substitution in equation (27) gave an 
expression for V, equation (7). 

We now repeat this procedure—but retaining the neglected terms. Thus, 


ee ot re od |. : 
Jini =| dy| d af ee 8 oe ee 
V+g im | Sales Pr) ‘we dy 


yi { 9 “ 2y; "1 y 1 2 

21) yy + | Qu) -— w}—-| urdy. (29 
We now manipulate these integrals until they involve solely integrations with 
respect to y of the xz-derivatives of u, y,. This may always be done, for, from 
equation (21) 





y 


~. ” dy Vor t+ : (J+ | 
~ Ba ye Le ray ry Mf 


The analysis so far is exact. But these integrals are of an order smaller by 
(uU /o)i than the terms on the left-hand side of equation (29). For they all involve 
either x-derivatives to at least second order or products of first order, or a factor 
y,/r, and in the last subsection yi = O(uU/c)!, and y,/r = O(uU/c)i. Thus, if 
we use the values of wu obtained in the last subsection by integration of equation 
(5) to evaluate these integrals, we will obtain an approximation valid to (wU/o)3 
higher order. 


’ el ie 


” Ul , 1 ‘ ° 
-¥ a WN Pi — 3 ~ A(yry! + 5y;") py + Spr fi Pt 


Using now equations (7), (8) to the same approximation 





Y,—C _ 340 3y,-—To » Y%—2C yf! 
a m a a ny +a : +2 (- 20) (30) 
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Up to this stage we have not used the condition (24) on the normal stress on 
the interface. Equation (30) is derived only from the equations of motion and 
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continuity and from the absence of tangential stress. The value of the constant ¢ 
becomes clear when we substitute for the pressure. To the same approximation 
then 


, suUy,—c 3uU1(,_ , r9 eT 
=-* “— 7 a dunia + de) + uP + 8c) +5. (yi —2¢), - (31) 


When y, = 0, y; = yj = 0, K, = 1/(r—5), so we have b—c = — b(b— 2c)/2r, ice. 
c = b—(b?/2r). 


Finally, it should be noted that the exact form of equation (19) expressing W in 


terms of b is 1 ; 
» 2b 
= — _ -— 39 
W = (1 =): (32) 


(v) Equation (31) is the next approximation to equation (9). It is convenient 
to leave the mean curvature x, in its exact form, equation (25), but otherwise 


W(x 10-2) 
> 
t 
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FicureE 3. The correction W as a function of wU/o. ——-— 1-29(3n”U/o)§; 





— solutions of equation (31). 


the only difference is the addition of the terms on the right-hand side. These are 
all O(3“U/o)% smaller than those on the left, and it is apparent too, that they are 
uniformly smaller, except when y,/b becomes large. When y,/b becomes large, 
but y,/r is still small, the value of x, approaches zero and the profile is approxi- 
mately a surface of constant mean curvature. As y,/r increases further x; in- 
creases again, and equation (31) is clearly invalid. If, however, (3“U/c)3 is suf- 
ficiently small the minimum value of x; can be made arbitrarily near zero, and 
the matching of the profile at that point to a portion of a sphere extending across 
the central portions of the tube may be made arbitrarily good. Thus, with the 
boundary conditions that y, > b as a > — 00, and that, for large y,/b, y,, 41; 41 
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should be matched to those values appropriate to a spherical region of some 
curvature centred on y, = r, equation (31) apparently comprises the first two 
terms of an asymptotic expansion in powers of (3uU/c)i of the exact equation 
describing the profile. It could in principle be used as the basis for obtaining 
still higher approximations by the same method. The solution of equation (31) 
presumably provides the first two terms of an asymptotic expansion of the profile 
itself. 

(vi) Solutions of equation (31) have been obtained numerically using a digital 
computer. The results are shown in figure 3. For values of ~U/o larger than 
5 x 10-3 it was clear from the solutions that the minimum value of x}, attained for 
large values of y,/b before the terms in y;”/y? on the right-hand side became large 
again, was insufficiently small for an accurate match to a sphere to be made. This 
implies that further terms in the asymptotic expansion must be taken for larger 
values of “U/o. 

(vii) To summarize the results of this subsection: The range of values of ~U/o 
for which the calculated values of W are likely to be accurate and yet are appre- 
ciably different from the two-thirds power law of § 2.2 is quite small, so the main 
value of the calculations of the subsection is to delimit accurately the upper limit 
to the range of validity of that law. Itisaccurate to within 5%, at w4U/o = 3 x 10-3. 
Neglect of inertia forces is permissible if prU?/a < 1. The effect of gravity on a 
horizontal tube is O(pgr?/a)? but first order in pgr?/o for other orientations. 


3. Bubble in a capillary tube. Experiments 
3.1. Method and results 


Fairbrother & Stubbs estimated directly the fractional correction W to the 
speed of a bubble by measuring the volume of fluid ejected from the tube when 
the bubble moved a known distance. This method requires an accurate know- 
ledge of the tube radius, and the final correction is obtained from the small 
difference between two volumes measured in different ways. To avoid gravita- 
tional effects the tube diameter must be small, yet if it is too small estimation of 
volumes becomes difficult. Their experiments were confined, for this reason, to 
tubes of 2mm diameter. Their experiments extend down to “U/o = 1 x 10-4. 
Marchessault & Mason (1960) derived the film thickness from the electrical 
resistance of the tube containing a bubble of known length. Their values for 
W. mainly for smaller ~U/o, are all somewhat larger than those calculated from 
the Fairbrother & Stubbs formula. In view of the clear discrepancy between 
this work and the prediction of this paper (equation 2) the author has repeated 
these experiments using a different method. Values of W for two different fluids 
ina 1mm tube are given in figure 4. The dependence of these curves on the fluid 
used shows that the physical assumptions made in §2 are inadequate, but the 
author is unable to postulate any reason which could, even qualitatively, explain 
the divergences between different fluids and from the theory. 

Because of this it is proposed to give a detailed account of the experimental 
technique used here and then to conclude with a negative discussion of the causes 
of the discrepancy. 

12 Fluid Mech. 10 
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The apparatus used is shown in figure 5. A column of fluid LM, a few centi- 
metres long, was drawn at constant rate about 100cm along a carefully cleaned 
and dried ‘Veridia’ glass tube of 1mm diameter. This was achieved by coupling 
the flow to that of a constant head of viscous oil (Shell Diala) across lengths of 
hypedermic tubing (providing a higher resistance than the ‘ Veridia’ glass tube). 
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Ficure 5. The apparatus. 


Three such lengths were available, controlled by taps, F,, /, Fy, giving speed 
ratios for a given head of 50:1. The head could be supplemented, if necessary, 
using mercury, up to a maximum of 20emHg. Near the points H, K flash 
photographs of the column gave measurements of its length accurate to 
+ 0-001 cm. The average speed U of the rear meniscus of the column was obtained, 
from the time interval between the flashes, to within 2° for the fastest run 
(9-5 sec). The change in length of the column, divided by the length of run, gives 
the proportion W of fluid left behind. 








ii. at «ant ao 


. nha aa ee ae a ak we. 4S Se 





nti- 
ned 
ling 
s of 


be). 


»bs ; 
ns), 





Motion of long bubbles in tubes 179 


The advantages of this method are several. It gives a very sensitive method of 
measuring the very thin film thicknesses involved, down to 2 x 10-5 cm, at which 
value the probable error is about 6°. This is independent of the radius of the 
tube, which, though it should be reasonably constant, need not be accurately 
known. It may also be used for volatile liquids, provided precautions are taken 
to saturate the air in the tube. Cleanliness is, however, vital, as a small sample of 
fluid is involved which touches large areas of tube wall. The apparatus was 
arranged so that the fluid touched no surface but glass, all of which was cleaned 
between every run with chromic acid, washed with distilled water, and dried 
using either acetone and air or by drawing filtered air through a desiccator. This 
is tedious but effective, and the self-consistency of the results would be improbable 
in the presence of significant contaminants. Indeed, this is probably the reason 
for the greater spread of the results for aniline. A check on the diameter of the tube 
and the accuracy of the length measurements was made by measuring the change 
in length of a column of mercury in runs in both directions. It returned exactly 
to its original length, showing that none had been left behind on the wall, but 
showed that the tube was conical with a change in tube radius of around 1%. 
A correction for this (never exceeding 30°) was applied to the measurements of 
change in length. W proved to be independent of the length of the columns used, 
though this was always greater than 4 tube diameters. The speed U varied during 
the very long runs (up to 36 h) by up to 20 %, because of changes of the viscosity 
of Diala with room temperature. However, the mean speed was always measured, 
and the values of «/o for the estimated mean temperature obtained from 
tables. 

Finally, the tube was mounted vertically and the same measurements made 
using benzene. According to §2.2 the values of W so obtained should be larger 
by the factor 1+%pgr?/o than the correspnding values for a horizontal tube, 
provided (pgr?/a)? can be neglected. For benzene pgr?/c is 0-06, so the values of W 
have been reduced by 4°% before plotting in figure 4 to make them strictly com- 
parable with the data from the horizontal tube. 


3.2. Discussion 

The results plotted in figure 4 show serious systematic divergences between 
theory and experiment. These are largest at the slowest speeds, whereas agree- 
ment is quite good at the upper end of the range of validity of the theory. Aniline 
was one of the liquids used by Fairbrother & Stubbs (1935), but their curve lies 
well outside the spread of points corresponding to aniline in the present measure- 
ments. There is no obvious reason for this, though in principle the method used 
here is probably more accurate for small values of W. 

The parameter prU?/o, which was shown in § 2.2 to measure the importance of 
inertia, was never more than 0-1 for either fluid, and, in any case, the main dis- 
crepancies occur at much lower speeds and cannot be due to inertia effects. It 
might be thought that with benzene evaporation could account for the large 
change in volume of the column at low speeds. This is not so, as was shown by 
carefully saturating the air in the tube with benzene vapour. No significant 
difference appeared in the results. The excellent agreement between values for 
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the horizontal tube and the corrected ones for the vertical tube shows that 
gravity is satisfactorily accounted for. 

The effect was at first thought to be possibly due to roughness of the inside of 
the tube. Hillocks and hollows of the order of 1 in height would cause a film to 
be left behind which was thicker by a constant amount from that predicted by 
theory, and we would expect W to tend to a constant value for sufficiently small 
pU/o, corresponding to all the hollows being full. This does not happen for 
aniline, and anyhow this hypotheses would not explain the differences for dif- 
ferent fluids. 

An instability of the meniscus at the lowest speeds would also presumably 
be a function of ~U/o, and in any case there is no trace of it occurring though it 
would be difficult to observe visually. It is also difficult to see how a lack of perfect 
wetting would result in more fluid being left behind at the slower speeds. 

It is possible that dissolved impurities or surface charges were present which 
cause a ‘hardening’ of the free surface similar to the effect observed in the free 
rise of small bubbles in large volumes of fluid. These cannot be present in the 
quantity required to reduce the surface tension by a factor of 4 which varies 
systematically with time. However, they might conceivably result in the free 
surface in the transitional region being able to support a tangential stress, and 
thus make equation (9) invalid. A discussion of various mechanisms which cause 
‘hardening’ has been given by Frumkin & Levich (1947), but it is sufficient here 
to consider two extreme cases. 

If the free surface behaves like a rigid one throughout the transitional region, 
we may easily obtain the analogue of equation (9). If b/r < 1 we may neglect 
the change in surface tension with x from its equilibrium value, but we must 
replace equation (3) by u=xU when y=y,. 
The equation governing the profile then becomes 


dy, _ 6nU y, — 2c 


(33) 


dx’ c 


If we make this dimensionless by 


Y, = 2cy, 
x = 2c(6uU/o)-3E, 
we see that 2c/a = 250-643(3uU/o)i. 


When we remember that the quantity actually measured in these experiments 
was c/a we see that this hypothesis of complete absence of slip actually reduces 
the value of W by a factor 2-!. 

However, if we do not require that equation (33) should hold over effectively 
the whole transition region, it is possible to obtain an increased value of W. If 
equation (9) (no tangential stress) holds forc < y, < efor some e and equation (33) 
for larger values, the maximum value of P we can obtain is about 0-69 for e = 3c, 
corresponding to an increase of W of only 8°%. Hardening of the surface is thus 
quite unable to account for the observed results, and they remain a mystery to the 
author. 
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The referee has suggested that the discrepancy may be due to the ‘disjoining 
pressure’ in thin films of liquid in contact with a solid surface (Frenkel, 1946). 
A repulsive pressure f(y,) due to the cohesive forces between molecules appears 
between the surfaces of all liquid films of small thickness y,, and f is of order 
10% dynes/em? when y, is 0-1. It falls off very rapidly with film thickness, 
according to an inverse cube or inverse fourth power law. The corrected form of 
equation (9) is d’y, ldfdy, 3uUy,—-c 


dx? * ody, dx T YR 
The correction is negligible everywhere if y,(df/dy,) < o/r in the transition region. 
These terms are comparable in magnitude when b = 0-25, corresponding to 
W = 1x 10-3, but the disjoining pressure must be quite negligible when W is an 
order of magnitude larger. However, when “U/c is around 2 x 10-4 systematic 
divergences between theory and experiment, though smaller, are still apparent, 
particularly in the case of aniline. Thus though discrepancies at the slowest 
speeds may possibly be accounted for in this way, this explanation is incomplete. 


4. Bubble in a vertical tube 
4.1. Theory. First approximation 

(i) In this section we consider the motion at low Reynolds number of a long 
bubble in a vertical tube sealed at one end. Gravitation enters into the problem 
only as a buoyancy force, and always occurs in the equations multiplied by the 
density difference p between the fluid outside and that inside the bubble. When 
the problem was first attempted it was thought that ~U/o and pgr?/o should tend 
to zero together, but the method of §2 produced nonsensical results. Observa- 
tion of rising bubbles at once suggested the answer, that there is a critical value of 
pgr?/o below which no rise at all takes place, and application of the lubrication 
assumptions to flow under small values of ~U/o and values of pgr?/o slightly 
greater than the critical gave self-consistent results. This application is given in 
the remainder of this subsection, together with reasons why no similar theory 
exists when p is slightly subcritical. In §4.2 the range of validity of the theory is 
considered, and finally in §4.3 some experimental confirmation is mentioned. 

(ii) The method of analysis is very similar to that of the previous section. The 
restriction to cases when the steady speed of rise U is such that ~U/o < 1 again 
implies that the effect of viscous forces on the profile of the bubble will be con- 
fined to a region near the wall. Further, in the absence of contrary evidence, 
axial symmetry will be assumed. 

The front and rear menisci are separated by the region CD (figure 6), where a 
uniform film of fluid is draining under the effects of gravity alone. In regions AB, 
EF the viscous stresses exert a negligible influence on the film profile, which 
is determined by static equilibrium between surface tension and gravitational 
stresses. In the transition regions viscous stresses are important, but the film 
profiles are everywhere nearly parallel to the tube wall, and the ‘lubrication 
hypothesis’ proves to be a self-consistent approximation. 

(iii) In the regions AB, EF the profile is determined by the condition 


oK, = pge, (34) 
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where x, is the mean curvature of the surface and x the height above some fixed 
level. This is the equation which was treated by Bashforth & Adams (1883) 
in their computations on the profiles on pendent and sessile drops, and into whose 
results more detail has been interpolated by Fordham (1948). However, for the 
purpose of this paper the author required a criterion which could not be obtained 
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Ficure 6. Section of a Figure 7. Equilibrium profiles under surface tension and 
bubble in a vertical gravity forces. (a) Top meniscus pgrj/o > 0-842; (b) top 
tube. meniscus pgr;/o < 0-842; (c) bottom meniscus. 


accurately from these tables, so the digital computer EDSAC II was programmed 
to give it. The calculated profiles for region AB may be divided into two classes 
shown diagrammatically in figure 7 (a) and (b). A member of each of these has a 
point of inflexion J, at which the radius is r,, but if pgr7/o > 0-842, asin figure 7 (a), 
there is no point at which the tangent plane is vertical. In figure 7 (b) the tangent 
plane is vertical at a point 7’. Furthermore, for |(pgr7/o)—0-842| < 0-2, the 
angle ¢ made with the vertical by the tangent plane at J is given by 


b = 0-49{(pgr?/o) — 0-842}. (35) 


The profile within this range will prove of most interest to us in the following 
discussion. The profiles for region HF exhibit no point of inflexion, as shown in 
figure 7 (c). 

(iv) We now consider the transitional and uniform regions BCDE, using the 
notation of figure 8. If the rate of rise is sufficiently small, the lubrication approxi- 
mations will describe the flow, and the analysis proceeds exactly as in § 2, except 
that the pressure everywhere must be modified to account for the gravitational 
body force, by addition of a term pgx. Also, the flux J, in the uniform region is not 
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zero, but pgb?/3y per unit circumference. It is to be expected that, for sufficiently 
small ~U/o the ratio of film thickness to tube radius will also be small. This 
proves to be self-consistent. Equation (9) of §2.1 is modified to read 


wm _ PG _ BRU LY -_ - 
Y1 Co ve o ye Yy b 3uU, * (36) 














oV 


FicureE 8. The top transition region. 


In this problem, however, there is an additional continuity requirement, that all 
the fluid displaced by the top meniscus of the rising bubble should flow through 
the uniform region CD to the lower meniscus. Thus 


pgb® 1 ‘ 
ge agg Uae, 
pgo? or oe 
Le. 3u U = oh’ (3 7) 


to this order of approximation. Thus, for sufficiently small b/r the last term on 
the right-hand side of equation (36) greatly exceeds the other two throughout 
region BCDE, and the film profile is given by 


— b3 
P< 5 2 alll ‘ 
al ( ”) (38) 





184 F. P. Bretherton 


This may be made dimensionless by the substitution 


y, = by, x = b(pgb?/o)-*é, (39) 
. m - 1 
to give y= - (40) 


(v) This equation should be compared with equation (11) of §2.1. In the 
region CD, y, =~ 6, 9” ~ 3(y—1). As before this enables us to say that, given b, 
for a top meniscus there is an essentially unique profile, whereas for a bottom 
meniscus an infinite family. Also, the relations (39) show that for sufficiently 
small pgb?/o0, provided b/r is also small, there exist regions in which 


4= (6 <1, y,/r = by/r <1, 
and yet Y, = (pgb?/o)> yn < 1. 


Here equation (38) is still valid, but 7” ~ 1 and 
y= 484+ 43P22+QE+R (41) 


for some constants P,@, R, which are determined to within a change of origin at 
a top meniscus. However, in this region dx,/dx ~ yj’ ~ pg/a, so equation (41) 
refers to a region of equilibrium between surface tension and gravity. This is the 
defining condition of regions AB, EF so the profile there must be identical with 
that part of one of the profiles shown in figure 7 where the tangent plane is nearly 
vertical. 

But, for a top meniscus, it can fairly easily be shown, and numerical integra- 
tion confirms, that equation (31) admits of no point where 7’ = 0 and the tangent 
plane is accurately vertical. Thus, no matching at all is possible to a profile of 
type 7(b). For a profile of type 7(a) matching is possible within the assumptions 
of thissection, provided ¢ is small—in other words, provided pgr7/a is only slightly 
greater than 0-842. With origin chosen so that P = 0, numerical integration for 
a top meniscus gives 

P=, Q=06672, R= 1-10. 


At the point of inflexion J 
y, = 1:10b,  y, = 0°572(pgb2/c)3, rv, = r—y,. 
Insertion in equations (35), (37) gives 


2 


2 3 
pI" _ 0-842 = 1-10 (’) +185 
(on Yr 


y} 
‘i 


Near the rear meniscus the film thickness again has a wave-like appearance and 
a profile can be found matching a meniscus moving with speed U to any small 
film thickness b. 

(iv) The impossibility of matching solutions of equation (38) toa profile of type 
7 (a) does not demonstrate that a bubble will not rise in a tube with pgr?/ao < 0-842, 
for it could do so unsteadily, or under conditions in which the lubrication 
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approximations do not hold. However, it does indicate a critical radius at which 
the type of flow changes drastically, and quite simple experiments are sufficient 
to indicate the nature of the change. These are mentioned in § 4.3. 


4.2. Review of approximations 

(i) The importance of inertia forces in the transition region is measured by the 
ratio pub?/uL, where w is a typical velocity, and L the length scale of variation 
along the streamlines. This latter is b(pgb?/o)—*, so from continuity the relevant 
Reynolds number is (pur/j) (pgb?/o)}. For water this becomes of order unity 
when su/o is around 8 x 10-5, and (pgr?/a0) — 0-842 ~ 0-25, and the neglect of 
inertia forces is a severe limitation. However, also of importance are the geo- 
metrical and related approximations made in deriving equation (42). 

(ii) To obtain an estimate of the validity of these results we note that the 
analysis of § 2.2 leading to equation (31) applies directly to this problem, provided 
we add a ‘virtual pressure’ pgx to the true pressure everywhere to account for the 
gravitational body force. For provided the Reynolds number is small the boun- 
dary conditions and equations of motion are otherwise unaltered. Equation (31) 
now becomes 
yi—2cy| 


BY %i (Ya + 4c) + Syr(Y1 + 8c) +, 


, pg 3uUy,-—c 3nU 1 
a ee ee ° 
cr oF oT yi\ 2r J 


1 


(43) 


When y, = 6, y; = yj; = 0, K, = 1/(r—5), so 


A Ai 


3uU 2r 
It is also clear from the definition of the constant ¢ of equation (28) that if the 
bubble surface were to fill completely tle cross-section of the tube (y, = 0) there 
would have to be an upward flux —2zrUc flowing somehow past the bubble. 
But in this case the tube is sealed at one end, soc = }r exactly. Thus the next 
approximation to equation (37) is 
r e 6 
Or a 


a ies 

(iii) Comparison of these equations with equations (37), (38) show that the 
approximations made in deriving equation (42) have arisen in three ways. The 
flow in the transition region is not quite undirectional and the terms describing 
departures from the parabolic velocity profile are the first two on the right-hand 
side of equation (42), and are smaller than those retained in equation (38) by 
O(b/r)?. Terms arising from the film thickness in the transition region being a 
finite proportion of the radius of the tube are O(b/r)?. Finally, the neglect of 
changes in the mean curvature due to axial symmetry is O(b/r) but numerical 
integration of the relevant equation shows that all these errors are slightly smaller 
than those contained in equation (35), which approach 10° when 


(pgr?/o) —0-842 = 0-25 and pwU/o =8x10-. 
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This estimate is for the error in the constants P, Q, R and hence in the profile 
attained by the meniscus well away from the wall. This profile is identified by 
the radius at which it would have a point of inflexion if it were continued outwards 
according to figure 7(a). Although the second term in equation (42) is O(b/r)! 
smaller than the first it may still consistently be retained for it arises only in 
relating 7, to r, once 7, has been correctly identified. Its omission would severely 
restrict the range of validity of the result. 


4.3. Experimental results 


Complete verification of equation (42) and of the prediction that the bubble 
will not rise is difficult. One requires, for any given fluid, a tube of constant 
diameter accurately known and very near the critical value. By chance, however, 
for water at 20°C and a tube of diameter 0-50 cm (nominal) pgr?/o = 0-842. The 
predicted rate of rise at 40°C is 2-1 x 10-3 cm/sec. The author immersed such a 
vertical tube in a water bath with temperature variable between 15 and 40 °C. The 
results were not completely reproducible. At 15°C, pgr?/o = 0-834, the bubble 
was usually stationary; at 40°C it was always rising with speeds of the order of 
a few cm per hour. These speeds depended on the position in the tube and on 
whether it was accurately vertical. In view of the probable presence of impurities 
and of variations in the diameter of the tube, these results indicate quantitative 
agreement with the main conclusion that the bubble will not rise if pgr?/a < 0-842 
and qualitative agreement with equation (42). 


5. Conclusion 

The theories of this paper form a small contribution to the problem of pre- 
dicting the profile of a bubble in a capillary tube and the rate of rise of a bubble in 
a vertical tube. They are limited by the basic physical assumptions made 
about the properties of the free surface of liquid films under these conditions, 
that there should be a well-defined surface tension and hence no tangential stress 
on the surface. Perfect wetting on the tube wall is also essential. But provided 
inertia forces are negligible, and provided the film left on the wall during the 
passage of the bubble is sufficiently thin, the effects of viscous forces on the profile 
of the interface can be described by the lubrication equations, and are confined 
to a region near the wall. The remainder of the profile is governed by the same 
relations as if the bubble is stationary, but there is an intermediate region in which 
the two solutions can be matched. The thickness of fluid left on the wall is in 
each case determined uniquely by conditions at the front meniscus, whereas at 
the rear meniscus there is a steady solution matching smoothly onto any film 
thickness that should previously have been left there. At the rear meniscus also, 
the profile shows oscillations in thickness in advance of the main curvature. Ina 
capillary tube the bubble moves slightly faster than the mean speed of the fluid 
in the tube, the fractional correction being 1-29(3~U/c)?. At the slowest speeds 
the main pressure drop in such a tube arises from the slight difference in curvature 
between the front and rear menisci of the bubble, and is 4-52(a/r) (3uU/o)i. 
These results are only valid if wU/o < 5x 10-%. 
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The free rise of a long bubble in a vertical sealed tube is completely inhibited 

if pgr?/o < 0-842. This is associated with the existence of a profile in static equili- 
brium making zero angle of contact with the wall only for smaller radii. For radii 
up to 12% larger than the critical the rate of rise increases very rapidly, being 
given by (pgr2/o) — 0-842 = 1:25(nU /o)§ + 2-24(wU/o)}. 
From a practical point of view the cases of most interest are when #U/c is larger 
than the very small values discussed here. When surface tension is not dominant, 
however, none of these methods are appropriate, and a satisfactory method of 
analysis has yet to be found. 

The waves near the rear meniscus predicted in §2.2 are easily observable at 
larger film thicknesses than those for which theory is valid, and seem to be of 
quite general occurrence. From the point of view of causality, it is of interest that 
the values of b/r obtained are in each case determined by consideration of the 
front meniscus alone. The predictions of the pressure drop across the bubble in a 
capillary are also of no great practical use, for at the very small values of ~U/o 
for which they apply, effects due to the variations in the radius of the tube are 
likely to be larger. The two-dimensional version of this theory is applicable to 
the motion of fingers in Hele-Shaw cells considered by Saffman & Taylor (1958), 
but the restriction to small values of ~U/o precludes at present an explanation of 
their results. Experimental verification of this theory is unsatisfactory. For 
values of w~U/o larger than 3 x 10-3 the results of this present work, those of 
Fairbrother & Stubbs (1935), Taylor (1961), and Goldsmith & Mason (1960) 
are in broad agreement that Fairbrother & Stubbs’s formula 1-0(uU/c)! is a 
good estimate for the value of W up to 1U/a = 0-08, above which it over estimates 
the true value. Below 3 x 10-, which is also the upper limit of the present theory, 
there is widespread disagreement, and at the very slowest speeds the divergences 
between experiment and the two-thirds power lawinvolve a factor of 8. Although 
in principle the method used by the present author is probably the most accurate 
in this range, he is unable even to suggest an explanation of this situation. There 
have also been widely differing estimates of the critical radius below which a long 
bubble in a vertical tube will not rise. This is surprising, for the phenomenon is 
striking, and above the critical point the speed of rise increases very rapidly 
with radius. Provided that adequate precautions are taken about cleanliness, 
that the cross-section of the tube be circular, and that it be accurately vertical, 
it should be possible in further experiments to narrow this range considerably. 


The author is indebted to Sir Geoffrey Taylor and Dr P. G. Saffman for in- 
valuable help and discussions, to Mr R. G. Wooding and Mr W. E. Thompson for 
assistance with experiments, to Dr 8S. G. Mason for commenting on this manu- 
script, and to the Department of Scientific and Industrial Research for a grant. 
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The wave drag of wind over water 


By R. W. STEWART 


University of British Columbia,t Vancouver, British Columbia 
(Received 3 October 1960) 


It is shown to be probable that a large proportion of the drag exerted by a water 
surface on the wind is in the form of wave drag. As a result the usual relation 
between the wind profile and the surface stress and roughness length are modified. 
In particular, close to the surface the relation between the transport of momen- 
tum and that of heat and water vapour are different from that obtaining over a 
rough solid surface. 





1. Introduction 

The interaction between wind and a water surface seems to have been con- 
sidered from two points of view. In one, favoured by meteorologists, the water 
surface is regarded as a boundary of the same general nature as solid ground. 
with negligible velocity relative to that of the wind, which exerts a shearing stress 
upon the air. From this point of view the principal problem is to determine the 
characteristic ‘roughness length’ of the water surface (e.g. see Ellison 1956). 

On the other hand there is a growing body of literature (Eckart 1953; Ursell 
1956; Phillips, 1957, 1958; Miles 1957, 1959, 1960; Shuleykin 1959) in which the 
problem of wave generation by wind is treated, the nature of the air flow being 
taken as given. 

An important aspect of this problem seems to have been overlooked. It will 
be shown below that of the momentum withdrawn from the air by interaction 
with the water surface, a far from negligible proportion goes into wave momentum. 
It is not difficult to show that the effective height at which the air loses this 
momentum is not the surface, but is in fact some height at which the wind speed 
is not less than the phase speed of the waves. We therefore conclude that over 
water the lowest levels of the atmosphere cannot be considered to be a region of 
constant turbulent stress, as is usually assumed, but that the turbulent stress 
must increase with height above the surface. We should thus expect modification 
of the wind-velocity profile over water and failure of the usual relation between 
this profile and the surface stress. 


2. Momentum input to waves 

Although there remains considerable uncertainty about the exact nature of 
the waves produced by a wind of given strength, duration and fetch, the body of 
empirical data is now so large that no modern compilation can be very far from 
the truth. The most convenient presentation is probably that of Groen & 


+ Now Visiting Professor, Dalhousie University, Halifax, Nova Scotia. 
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Dorrestein (1958). They have used virtually all the data on wind waves published 
prior to 1957 to obtain average wave characteristics as a function of wind dura- 
tion and wind speed. In their Diagram I, wave height H and wave period T is 
plotted against duration ¢ with wind speed U asa parameter. I have taken from 
these curves the values for U, t, T and H given in table 1. The curves can be read 
reliably only to two significant figures, but this accuracy is at least as good as the 
data upon which they are based. 





EIC=M MfIt 


U t fy H E C=gT/27 (kgsec-! (kg sec 

(m/sec) (hr) (sec) (m) (j/m?) (m/sec) m*) m-?) 
10 0-5 1-9 0-32 126 2-96 43 2-4x 10-2 

1:0 2-5 0-53 340 3-9 87 2-4 

2-0 3-2 0:88 950 5:6 190 2-6 

3-0 3:8 1-14 1,590 5-9 270 2-5 

6-0 4:7 1-55 2,940 7:3 462 1-9 

15 0-5 2-5 0-54 360 3-9 92 5-1 

1-0 3°2 0-89 970 5-0 194 5:4 

2-0 4-] 1-45 2,570 6-4 40 5:6 

3:0 4:7 1-95 4,650 7-3 64 5-9 

6-0 6-2 2-95 10,600 9-7 109 5+] 

9-0 71 3-5 15,000 11-1 135 4-2 

20 0-5 2-9 0-77 720 4:5 16 8-9 

1-0 3°8 1-26 1,940 5-9 33 9-2 

2-0 4-9 2-15 5,700 7:65 745 10-4 

3-0 5:8 2-85 9,900 9-05 109 10-0 

6-0 7-5 4-5 24,800 11-7 212 9-8 

9-0 8-6 5:6 38,400 13-4 287 8-9 

12-0 9-4 6-3 48,600 14-7 338 7°8 

Table 1 





Wind-driven waves are certainly not completely irrotational. On the other 
hand the relations between wavelength, wave period and phase speed observed 
for such waves do not differ greatly from those of irrotational waves. It seems 
unlikely that the momentum associated with the wave motion is greatly different 
from that of an irrotational wave of the same height and period. If anything, 
the momentum in the real wave may be somewhat greater than that in the 
irrotational one. 

It is not difficult to show (Lamb 1932, §250) that in an irrotational wave the 
relation between the wave momentum per unit area M and the wave energy 
per unit area FE is E 27k 

M=G-= 79 (1) 


In an actual sea a fairly wide spectral band of wavelengths contributes to the 
energy, but it is difficult to see how the relations between momentum, energy 
density and a characteristic wave period could differ greatly from (1). 

With these assumptions I have listed in table 1 the wave momentum corre- 
sponding to the data shown from Groen & Dorrestein. The average rate of in- 
crease of wave momentum can be obtained by dividing by the wind duration t. 
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An inspection of the last column of table 1 shows that the average rate of 
momentum increase, M/t, is nearly constant for a very considerable time after 
the onset of the wind. At later times, of course, saturation effects dominate, and 
the momentum input must be balanced by losses due to wave breaking, turbu- 
lence and viscosity. . 

The data of table 1, for sufficiently small ¢, may be summarized by 


= = 24x10! kgm. (2) 
Now M/tU?p, where p is density of air, has the nature of a drag coefficient, say 
Caw = 2x 10, (3) 
if we define the total drag coefficient C, by putting the stress 
T = CypU®. (4) 


The total drag coefficient given by Ellison (1956) for winds of about 15 m/sec, 
using (4) as a definition of C,, varies only slightly with U and has an average value 


C, = 10x 10-4. (5) 


Clearly, then, the contribution of the wave drag (3) to the total drag (5) is far 
from negligible. Moreover, the estimate of the wave drag given in (3) is really only 
a lower limit. All the momentum which was originally put into waves, but which 
has been lost to the drift current because of wave-dissipation mechanisms, is 
omitted from the estimate. It will be seen below that there are reasons for be- 
lieving that a majority of the momentum is transferred by wave drag. 


3. Interaction height 

The energy to momentum ratio of a surface wave is equal to the phase speed C. 
If an interaction with the air transfers energy and momentum to the waves, then 
for a given quantity of momentum transferred the energy lost by the air must be 
at least equal to the energy gained by the waves. 


Thus, d(1/2pU3) > Cd(pU;), (6) 
- U; >, 


where U, is the wind velocity at the height at which the reaction of the air to the 
wave drag is effective. Miles (1960) finds that the rate of increase of wave energy 
depends upon the variation of the velocity profile at the point where U = C. 
This is consistent with (6), as is the reasonance mechanism proposed by Phillips 
(1957). 


4. Energy and momentum transfer 


A brief examination of the means by which energy and momentum are trans- 
ferred from the air to the wave is warranted. In an ordinary turbulent shear flow 
over a solid surface, momentum is transferred towards the boundary by a Rey- 
nolds stress T. If the boundary is smooth, viscous shear stress ultimately takes 
over, while if it is rough the force on the boundary is exerted by pressures on 
the roughness elements. Energy passes towards the boundary by the action of 
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the Reynolds stress in a term of the form 7U. There is also a transfer due to the 
covariance — pv of the pressure fluctuation p and the vertical turbulent velocity 
—v, as well as the ‘turbulent energy diffusion’ — 4pq?v, where q is the local in- 
stantaneous speed of the fluctuating motion (Townsend 1955). If the boundary is 
stationary, no energy goes into it, all the energy being dissipated by the turbu- 
lence and the viscous sublayer. 

In the case of wave generation the situation is somewhat different. The 
momentum will be carried right to the surface by the Reynolds stress, as in 
rough flow. Energy is again transferred to the extent 7U — (pv + 4pq?v). However, 
the energy going into the waves must pass unattenuated through the region 
where U < C. Thus, as7U decreases, — (pv + 4pq?v) must increase to compensate. 

Motions of the required nature must be too highly organized to be called 
turbulence, particularly since no absorption of energy is involved. Highly 
organized motions of the required type are involved in Miles’s (1960) discussion. 
They are not described, but must also occur, in the mechanism described by 
Phillips (1957). In Miles’s case the motions are in response to the moving surface, 
and a Reynolds stress is developed which remains constant with increasing 
height to the level where U = C and then drops to zero. In Phillips’s case the 
motions must be in response to moving pressure fluctuations in the air at levels 
U > C, and to movements of the surface caused by these pressures. 


5. ‘Rough’ air flow and wave generation 

It is generally believed (e.g. see Ursell 1956, Ellison 1956) that the water surface 
is at least nearly aerodynamically ‘rough’ so far as its influence on the motion 
of the air is concerned. To the extent that this belief is justified, then, the momen- 
tum of the air is transmitted into the water because of the correlation between 
local pressure and local surface slope. Looked at from the point of view of the 
water, we find that the water is receiving momentum from the air by pressure 
forces. 

Now, in a homogeneous fluid pressure can only produce irrotational motion, 
and it is difficult to conceive of an irrotational motion carrying momentum which 
does not have the character of a surface wave, provided water far below the sur- 
face is stationary. (The only motion meeting the requirement in the case of a 
large surface of water seems to be one in which there is a correlation between 
particle velocity and surface elevation, and it is difficult to see how such a motion 
would differ from that of a wave.) This argument leads to belief that perhaps 
most of the momentum from the air enters the water in the form of wave motion. 
Of course much may go into very small waves or ripples which rapidly decay and 
lose their momentum to the drift current. The data of Groen & Dorrestein are 
certainly not inconsistent with this view. 


6. Consequences 
We have seen above that momentum and energy going into waves of 


phase velocity C must pass unattenuated through the portion of the air 
column for which U < C. As was remarked, the motions which carry this 
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stress and energy cannot be described as turbulence. Above the level where 
U =C, however, this stress will be carried by the turbulence. We therefore 
conclude that the stress carried by the turbulence must increase with height 
above the water surface. 

Any discussion of the relation between the turbulent intensity and the mean 
velocity gradient, whether or not employing the concept of ‘eddy viscosity’, 
must lead to the conclusion that the near-surface velocity shear is less in the 
present case than over a solid boundary. The simple dimensional argument: 


Tm (2U\ ‘ 
pz? oz} ’ (7) 


yields the result that the velocity gradient will be reduced as the square root of 
the turbulent stress. Here 7, has been written for the turbulent shear stress. 
The usual method of analysis is to assume that the mean velocity will have the 
form W* ‘ 
U =— ln (:). (8) 


1 <0 


where u* = (7/p)? and kis von Karman’s constant = 0-4. Measurements of U are 
made at a variety of heights, so that 7 and the roughness length z, may be 
determined. 

The consequence of the increase of turbulent stress with height may be 
expected to be a reduction in ¢U/cz at low levels compared with that occurring 
over a solid surface with the same total stress. The usual interpretation of the 
data is likely to yield too low a value for the shear stress, and a value for the 
roughness length which will increase as the height of observation increases. 

The most important consequence, however, is likely to be in making estimates 
of the turbulent transports of heat and water vapour. At the height at which 
most observations are taken, it is probable that most of the stress is carried by 
the turbulence, and the error in the calculated total stress may be small, although 
the significance of the calculated z, may be doubtful. However, if the usual 
interpretation is put upon the data there there will be a large overestimate of 
the intensity of the turbulence close to the surface. The motions transferring 
momentum and energy to the water waves will be organized and wave-like, and 
presumably will contribute little to the transport of sensible heat and water 
vapour. Thus, in the critical region close to the surface, the transport coefficients 
for heat and water vapour may be much lower than might be inferred from the 
momentum transport. It is quite likely, then, that the temperature gradients 
and humidity gradients close to the water surface will be much larger than would 
be anticipated from the usual assumptions. It would be useful to have some 
experimental results to check this conclusion. 


This work is a contribution of the Defence Research Board of Canada. 
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Unsteacy interaction of a shock wave with 
a ceilular vortex field 


By J. E. WERNER 


School of Aeronautics and Astronautics, New York University 
(Received 28 May 1960 and in revised form 16 November 1960) 


The transient effects generated when a shock wave is suddenly disturbed by a 
field of cellular vortices have been studied. Both the pressure disturbance on the 
shock and the local shock velocity are found to be strong functions of the cell 
geometry. Disturbances are resolved into transient components and sinusoidal 
components of constant amplitude. The transients are found to die out as t-32, 
t being the interaction time, except for one particular case of the cell geometry 
for which they diminish as ¢-!*. Furthermore, the analysis indicates that the 
initial magnitude of the transient components may be quite appreciable in com- 
parison with the sinusoidal component. The theory is extended to treat the 
convection through the shock of a single column of vortex cells. 





1. Introduction 

It has been demonstrated (Kovasznay 1953, Chu & Kovasznay 1958) that 
an arbitrary weak disturbance in a uniform compressible flow can be decomposed 
into component modes of vorticity, sound and entropy. As a consequence of 
linearization these fields have the important property of being independent of 
each other in the absence of natural boundaries. Across a shock-wave, however, 
the presence of large gradients in the basic flow make it necessary to retain the 
non-linearity of the fundamental equations. This results in a coupling of modes. 
In particular a first-order vorticity fluctuation, upon passing through a shock 
front, generates sound and entropy fields behind the shock (Ribner 1953). At 
the same time, local displacement of the shock occurs, which means that the 
analytical problem is of the nature of an unsteady boundary value problem with a 
free boundary. 

The specific model employed here is illustrated in figure 1. A two-dimensional 
cellular vortex field with a discrete front is convected into an initially plane, 
normal shock-wave. The objective of the analysis is to investigate the transient 
behaviour of the shock front and the pressure disturbance generated on the down- 
stream face of the shock. 

Interaction studies of a similar nature have been carried out by Ribner 
(1953), Moore (1953) and Chang (1957). These differ from the present analysis 
in that they treat the case of a single harmonic disturbance of infinite extent in 
space. Such a model can be reduced to a steady state problem by a simple trans- 
lation of the co-ordinate system. It therefore lacks the transient or ‘initial’ 
behaviour of the present model. On the other hand, the treatment by Ram & 
Ribner (1957) of shock interaction with a single vortex exhibits transient 

13-2 
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behaviour only. The model considered here occupies a position between the two 
in that it is comprised of transients which subside, leaving a completely periodic 
behaviour which may be compared with the results of Ribner (1953), Moore 
(1953) and Chang (1957). That transient behaviour is significant is borne out by 
the analysis which indicates that transient components of pressure may in some 
cases be an order of magnitude larger than the eventual steady-state amplitude. 
Thus, transients should be considered in any estimates of disturbances generated 
by an unsteady interaction process. 
y 
t 





























vortex shock 
front position 


FicurE 1. Cellular vortex field. 


2. Fundamental equations 

The flow field is described in co-ordinates fixed at the mean position of the 
shock as indicated in figure 1. To represent fluctuations, d( ), of pressure P, 
density p, velocity V and entropy = the following non-dimensional variables are 


employed: p = OP/yP, 
p = Oprip, 
o = 02/Cp, 


.0U .dV dV 
= “ is) fears = 


a a 


? 


where a is the speed of sound in the basic flow, C,, is the specific heat at constant 
pressure, and y is the ratio of specific heats. Basic flow quantities are denoted by 
(~). In terms of these variables the linearized equations of motion for the region 
behind the shock are, denoting this region by ( ),, 





continuity, Pr +V.v, = 0; 
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Here T = a,t and D/Dr is the linearized Stokes derivative: 


D 
Dr 


where M, = U,/a,. 


é e 
= 2 +M, ij, 
OT Cx 


3. Specification of upstream disturbance 


Denoting the region ahead of the shock by (_) 9, the following velocity perturba- 
tion in the oncoming flow is assumed: 
u(x, y,t) = |u| sin«(U,t—2) sin Ay, 
K ae (O,t—x > 0); 
(x, y,t) = — 2 4 (ee Ss ; 
v(x, y, t) 1 |uy| cos (Ut — x) cos Ay (3.1) 


Up(x, y,t) = 0,) 





U,t—x < 0). 
U(x, y, t) =0,) ' ’ 
The field represented by this perturbation has the cellular structure illustrated 
in figure 1, which shows the streamlines as they would appear to an observer 
moving with the basic flow. In the interior of the cellular pattern it can be veri- 
fied, from the linearized equations of motion, that to the first order 


Po = Po = % = YO. (3.2) 


The region near the leading edge of the vortex field requires special considera- 
tion. The pressure on the upstream face of the leading edge is second-order in 
magnitude. On the downstream face the pressure is identically zero. To maintain 
this pressure unbalanced a thin plate is imagined held at the leading edge of 
the vortex field until the time ¢ = 0, at which instant it is suddenly removed. 
Immediately after withdrawal of the plate the vortex field is convected into the 
shock. 

Once the vortex front passes through the shock no further flow modification 
generated at the front can propagate upstream ahead of the shock. This means 
that the presence of a vortex front no longer affects the disturbance being con- 
vected into the shock from upstream. But at the instant the plate is removed the 
vortex front is just ahead of the shock. It therefore remains to consider the 
magnitude of the initial disturbance generated during the infinitesimal time 
interval before the vortices pass through the shock. That the flow modifications 
generated in this interval may be neglected can be shown by the following con- 
siderations. Locally, the instantaneous removal of the plate and the resulting 
pressure unbalance are roughly equivalent to the diaphragm shattering in a 
shock tube. If the pressure difference across such a diaphragm is represented by 
the non-dimensionalized pressure term p = dP/yP, it can readily be shown by 
linearization of the Rankine-Hugoniot equations that, for small values of p, the 
flow velocity behind the resulting weak shock would be, to the first approximation 


u = tp. (3.3) 


This indicates that the velocity field generated by removing the plate is initially 
of the same order of magnitude as the pressure unbalance. Since this latter term 
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is of second order in magnitude, the initial velocity disturbance is also and may 
be neglected. The disturbance specified by equations (3.1) and (3.2) is thus correct 
to the first order. 


4. Boundary conditions 


Equations (2.1) supply the differential relations satisfied at a point downstream 
of the shock. To complete the formulation, boundary conditions appropriate to 
these equations are required. These are provided by the values of p,, p,., v,. and 
a ,, on the downstream face of the shock, which are in turn related to p_, p_, v_ 
and o_, on the upstream face, through the Rankine-Hugoniot equations. To 
arrive at the specific relationships a local element of the shock front is isolated as 
shown in figure 2. Its displacement from its undisturbed position is denoted by 
y(y,7) and its velocity with respect to the upstream flow field by V_+ia,y,. 
The angle between the shock and the y-axis is assumed small and equal to y,. 
These quantities are substituted into the Rankine-Hugoniot equations which are 
then linearized. The result is a set of simultaneous equations for p,,p,,v,,0, 
in terms of p_,p_,v_, 0 


Shock 


| 

i 

8V | 
\° OV 

| 





| 
i 
FicurRE 2. Local flow conditions at shock. 


The procedure has been carried out by Chang (1957) for the general case of 
interactions with an oblique shock. Specializing Chang’s results for the present 
case the following equations hold at the shock front: 


a, = Q,,u_+11,7¥,, (4.1 A) 
p, = Qogu_+ I ¥,, (4.1 B) 
u, = 0,4 _+II,,7,, (4.1 C) 
v, = Qyu_+Tyy,, (4.1 D) 


where Q,,; and II;;, as obtained from Chang (1957), are 


Qy3 = (y—1) (1—p4/Po)? (D4 /M)?, 

Qos = —My(1 — py/Po) [2+ (y— 1) (1 — Ai /Po) MY] (D4/My)/(1 — M3), 
Qs3 = (M,/Mo) [1 — (My P1/Po)? + ¥(1 — Pi /Po)* Mi]/(1 — M4), 

Quy = PMy/PoM, 





, 


ti 


f; 
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may Ih, = —(y—1)(1—ppo/P,)? (P1/Po) 1h, 
rrect II,, = — M,(1 — p/P) [2 + (y— 1) (1 —P1/Po) M7]/(1 — M}), 
Igy = (1 —Po/Py) [1 + Mi + (y — 1) (1 —p,/Po) Mi]/(1 — M3), 
Il4,; = —(1—/,/Pp) M, 
Along with the specified velocity perturbations at the shock, these equations 


ream also include derivatives of the shock displacement. Since displacement is 
te to determined only after solution of the flow problem, the shock constitutes a free 
_and boundary of the downstream region. 

= v_ 

s. To 5. The general solution in the region behind the shock 

ed as To isolate the pressure p, the divergence of the momentum equation, (2.1), 
d by is formed and div v, eliminated by introducing the continuity relation. The 
1 Y,. expanded result is 

> Vy Pay oy, oP _ (1 2 et =0 (5.1) 
h are er? 10x dr 22 (Oy? ‘ ; 
450 


+ In view of the particular time-dependence of the disturbance a solution will 
be sought by the method of Laplace-transformation. Introducing the pressure 
transform 


P(x, y, 8) = Ll p(x, y,7)] -{ py (x, y, T) es" dr, (5.2) 
0 
the transform of equation (5.1) is 
25,+2M,s° —_M? ce a 5. 
stp, + 2M,e Pt (1— ey wat = 0 (5.3) 
A general solution of equation (5.3) is obtainable by separation of variables, 


giving 
p,(s) = (A, sinAy+ A, cos Ay) 
x (B, exp [{M, s — (s? + A2u?)3} 2/u?] + By exp[{M, s + (82+ A2n?)h} a2/u?]), (5.4) 
where pj? = 1— MP. 


se of 6. Application of boundary conditions 


To satisfy the condition that no disturbances originate in the downstream 
region we must have 
8 B, = 0. (6.1) 


' Additional boundary conditions are furnished by equations (4.1 A-D) which 
) must be satisfied on the shock front. The displacement derivatives y,, y, are 
1 C) first eliminated by cross-differentiation. Then, with the aid of the fundamental 
equations (2.1) to eliminate derivatives of uw, and v,, the variable p, is isolated 
from the remaining equations to obtain a differential expression for p, which 
must be satisfied by the solution for p,. This is 
Op, “7 _AM, ep, 


Ox OT Cer? 


AL a au 


(1—AM,) oP + AQ m(5; 


D-—> +E —|+B 
C oy” Or Cy 


= $(7)sin Ay, (6.2) 
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where A = Il,,/1g,, B= Qy—AQg5, C = II,,/I 4, 
D=Q0,, EH =—Il,,Q,,/U,. 

¢(7T) is obtained by direct substitution of w_ = u,(0, y,7) etc., into the right-hand 
side of (6.1), giving 

f(T) = |Uo| [bo sin (k7U,/a,) + 6, 6(KTU,/a)], (6.3) 
where $y = (AM,/C) (DA? + Ex2U,/a,) — Bx2(Oy/a,)?, 

¢, = AM, DA?/C — do, 

and d(x7U,/a;) represents the Dirac delta function arising from discontinuities 
in the derivatives of w_ and v_. The absence of cosine terms in equation (6.2) 
immediately allows us to set A, = 0. The solution must then be of the form 


Py(s) = F(s) exp[{M, s — (s? + A2v?)2} a/n?] sin Ay, (6.4 A) 


or in its inverted form 


c+io 
(2, ¥,7) = mil F(s) exp [{M, 8 — (s? + A2n2)}} (a/u?) + 87] ds sin Ay. 
(6.4 B) 


Substituting equation (6.4 B) into the boundary condition—equation (6.2)—and 
setting x = 0 an equation is obtained for F(s) which may be put into the form 
F(s) = de) (1+ A)s?+(AM,/C) A?— AS{s + (s? + A2u2) 
(1 — A?) 84+ {2(AM,/C) — 7} A2s? + (AM,/C)? A4 
From equation (6.4 B) it is evident that F(s) is the transform of p.(yr). 


(6.5) 


7. Inversion of F(s) 

With the aid of standard tables and the convolution theorem the inversion of 
F(s) is achieved in a straightforward manner. The resulting expression however 
is long and unwieldy. A considerable reduction in the size and number of terms 
is obtained if we note that over a range of Mach number up to about six, the 
parameter A is very nearly equal to —1. If this approximation is introduced, 
equation (6.5) reduces to the simpler form 
a) = 0 _ een «ee Me) 

— 2M, + Cp? Au s?+ PA2| Aw * 12M, +Cp?| 52+ BA?’ 
where £2 = — M?/2C(2M,+Cux*), ,/f? being positive. Finally, introducing the 
parameter « = U,/a, and the cughtaan form of 4(s), the inversion of F(s) is found, 
yielding 

P+ M, Au M, i dip 
; c, [1 £,(7) + CRu sin (pr)| + 0, | Ltr n+ a (axr)|, (7.2) 


|%| sin hy 


(7.1) 


where 


[,(7) -| cos [ax(7 — 7’)] +4 — 
0 


: wC ak 


a aK Po » _—— eC _ OKT Po ; 
“PO 2M, 4+ Cp? Ap ark? — pet aK? : 2M, + Cp? Ap | a?x? — A267] ° 
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ax 
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8. Solution for large values of Aut 

The asymptotic behaviour of J, and J, for Aur > 1 may be determined by the 
method of steepest descents (Jeffreys & I effreys 1950). For a line integral in the 
complex domain of the form 


I - | x(s) efds, (8.1) 
R 


where f(s) is analytic with a large positive real part, and R is the path of steepest 
descent of f(s), a first approxima.ion is given by 


(277)? y(89) ef 0 et 


I= ¥ 
f"(89)|? 


a 
all saddle 


points s> 


(8.2) 





8) being the location of a saddle point of f(s) and & the angle with the positive real 
axis made by RF as it passes through 85. 
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Ficure 3. Path of steepest descent for evaluation of J, for Aur > 1. 


The Laplace representation of J, may be written in the form of equation (8.1) 


as follows 24 aay) 
1 8 $+ (s?+A2u?)? 
i= Omi) , etait 3 exp E inf" = 


L denoting a line from C—io0 to C+io0 with C > Im[a]. As shown in figure 3 
L may be deformed so that part of it coincides with the paths R,, R, of steepest 
descent for which equation (8.2) holds. Integration over the remaining parts 
R3, Ry may be carried out exactly by residue theory. The result, valid for large 
Aut and ak/Ay + 1, is: 





Jas (8.3) 


(2/m)3 cos [Aur — cos~*(1/Aur) + 377] ae, ae | 
=~ (axjAw)?—1 Qur)i £0" +v,8in (KU gt) + ,.008 (KU gt), (8.4) 
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where VY, = (ak/Apu)[1—-{1 ranma (je . 1) 


v, = 0, Au 


VY, = ax/Ap, aK 
J Gi) 
Vy = {1—(ak/Apn)?*?, be 


A similar expression holds for J, except that £/u is always greater than unity, 
Substituting these results into equations (7.2) we obtain the result for ax/Au + 1, 


CS a) li = C, cos [Aur — cos“! (1/Aur) + j71] 
|uo|sinAy = Am (Aur)? 


+C, [> + Al sin (kU gt) + v? cos (KU pt) 


estan 
— _P-trans_ 4, Px (8.5 
Uy| sinAy |u| sinAy” 

0 ‘ 0 ‘ 


06r 














P,/Po 
Figure 4. Comparison of present theory with Ribner (1953) for determination of ampli- 


tude of p,., showing —p,..4,/|u%o| I1,;a@) sin Ay vs shock strength P,/P), for A = k. 
, Werner (A = — 1); ——-, Ribner. 





For ax/Au = 1 the method of steepest descents cannot be applied to J,. However, 
it will be shown in §9 that for this case J, can be expressed in the simple form: 


I, = —J,(Aur)+sin (KU,t), (ax/Au = 1). (8.6) 
Thus, for ak/Au = 1, 
2[ Cen? Apt —cos—(1/Antr) + 47] 
- ph” | cos [Apr —cos™*(1/Apr)+ ja 
Px As) [exniaun) +, [7 eal (Aur)s 
a. ms 
+C, +o sin Ce (8.7) 


As T approaches 00, P, trang dies out as (Awr)-? for ax/Aw +1, and as (Aur) 
for ax/Au = 1. The remaining term p,,, varies sinusoidally in time with a fixed 





re 





(8.7) 


per) 
fixed 





Shock wave and a cellular vortex field 203 


amplitude and a phase which depends on the parameter ax/Ayu. The value of 
Ps Should be predicted by the quasi-steady theories of Ribner (1953) and 
Chang (1957). Accordingly, Ribner’s theory applied to two vorticity waves 
oriented at + 45° to the mean flow direction is compared with the present theory 
for the equivalent case of k = A (square vortex cells). For this configuration 
ak/Aw > 1. In figure 4, the amplitude of p., .a,/|up|I1.,4 is given as a function of 
shock strength P,/P, for both Ribner’s theory and the present determination. 
It is evident from this comparison that the approximation A = — 1 (which aside 
from the linearization of the problem is the only one made) is applicable even for 
shock strengths as high as ten. 


9. Solutions for small values of Ayr 


To complete the analysis a representation is sought which describes p_,(y,7) 
near the origin but which can be extended to values of 7 for which the asymp- 
totic solutions first become valid. 


The case ax/Au > 1 


From the asymptotic results for J, and J, it is known that I,, I; consist of a 
transient term which approaches zero as 7 > 00 and a sine term of fixed amplitude. 
If two new functions J,,, I, are defined by subtracting out the sinusoidal com- 


ponents of J, and J, i.e. 


kon 1-7, 1 -(1 - (“)1" sin («x7) (9.1 A) 
and Tn = h-r—[r- (4) sin (BAz), (9.1 B) 


then J,,, J, are damped oscillatory functions approaching zero as 7 > 00. For 


such functions a method of expansion due to Cambi (1956) is particularly well- 
suited. 
A new transform function is defined as follows: 


A[f(7)] = A“ cosh a{ © ersesima fir dr, (9.2) 
0 


If f(r) is equal to the nth-order Bessel function J, (Aur), we obtain the simple 
relation AJ, (Aur)] = e-”@. (9.3) 
This result is applied by first obtaining the A transform of I,, 

A[{1,] = Aw cosh qf, (Aw sinh q) 
b, e447 + (b, +1) e2+1 


ee Cc 
* mica (9.4) 


a\ oi 2)3 2 
where b, = 2(7*) j1— [1 (22) |=, 2= (25) a 
Au aK Au 


Dividing the denominator of equation (9-4) directly into the numerator, A[J,,] 
may be expressed as a series in e~"4, 


A(t] ala > tu™, (9.5) 


n odd 
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the inversion of which follows from equation (9-3), 


Tt aaa a fanI (ALT), (9.6) 


n odd 
where fa = 5,, 


fas = (df b, at 1), 
le = a (difxs +faa onl ), 
Foi i (d.fain—2) +firin—a) (n 2 7), 


with corresponding expressions holding for J,. 

The reason for the particular choice of J,, now becomes more evident. In 
working with an expansion in J,,(Ay7) it was desired to apply this expansion to a 
function whose behaviour was not very different from the Bessel function (both 
I, and J, (Aur) are damped oscillatory functions). 


a 


The case ak/Au < 1 


For this case we have found that [J,],_,.. approaches a sine wave of unit ampli- 
tude but shifted in phase from the original disturbance. For this case then, we 
construct L,, by subtracting out only the sine component, giving 


AK 


lLi=1- in sin («KT), (9.7) 
taking note of the fact that now 
1h oe ees - COS (AKT) (9.8) 
[ atir—>o ~~ Au . -¢ 


Repetition of the procedure for ax/Aw > 1 yields an expression for J,, similar to 


equation (9.6) with 
ae. " 2(5 = 
b, (7) 1, d,=2 a 2. 
I 


a, of course, remains unchanged since # > y for all shock strengths. Although 
[,, no longer goes to zero as before, d, is sufficiently small to ensure good conver- 
gence properties for the expansion. 


The case ak/Ayu = 1 
This case is contained in both the previous cases and we have 


bR-il, d.=1, f,=6, £,=—0 ( > 4). 
I, is then simply Ta = —J (Apr), (9.9) 


and J, reduces to the form given in equation (8.6). 
In terms of J,,, [, the pressure disturbance is given by 


P+. ; ee = -T] t = P+0 Bea 
|u| sinAy — Cola t Calta ¥2 008 (KU ot)] + |u| sin Ay 
Ptrans P+0 (9. 10) 


we |u| sin Ay © |p| sin Ay’ 
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10. Local shock velocity perturbation 


The non-dimensional shock velocity y/|dU)| may be obtained from the 
boundary condition equation (4.1 B) written in the form 





Wi dU_ P+ 

ee ta ” (10.1) 

[8Ug| [BU g| [eo] Hor @o/ay 

Substitution of 6U_and p., results in the expression 
Yr G si U, f P+trans 6 
7 = GS CU t 0 r x 10.2 
|dU,| sin Ay ilk hd il |ao| 115(a@9/a,) sin Ay vs 
T | Ceti 
180°} | } | | 
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FicuRE 5. Phase 0 and amplitude @ of y,//6U,| vs «k/Au for shock strength 
P,/P, = 1-514, a/p = 2-085. 


where 


C OK Au\?]*\ Aw M, 
x cd PF bs itso A 1), 
sf I} 4149/4, mt ! i | + ona scsi 


C, ax ApM,)\? ( C, 2 (=) 
((+ ae, pee! +(e) Au) |i (aK/Au < 1), 


" (ax/Au > 1), 


-\ 2) 4 , 
0,{1- (= IT y3(49/4) 
we tan—! ’ a (ax/Au < 1) 
an | C aK An a, / d 
. TI,;(@9/a3) [An ak Cpu? ]} 
The amplitude G and phase angle 6 are plotted in figure 5 vs ax/Ay for a shock 


strength of P,/P, = 1-514. At this shock strength the time variation of 





P +trans%1/|Uo| T4149 sin Ay 


is computed from equations (8.5) and (8.7) for large 7 and from equation (9.10) 
for small 7. The results are plotted in figure 6 for a«/Aw = $ and 2-085, and in 
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ak/Au = 4, «/A =0°240 


~ 
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FiGuRE 6. Transient component of pressure disturbance immediately behind shock vs 
time for ak/Au = 4, 2-085; P,/P,) = 1-514, M, = 1-2. - 


- ——~, asymptotic expression. 
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FIGURE 7. 
time for ak/Au= 1, P,/P,) = 1-514, M, = 1:2. 
-—, asymptotic expression. 
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figure 7 for ax/Ayw = 1. The value of 2-085 was chosen since at this value A = x. 
It is interesting to note that when A = x (i.e. square vortex cells), the maximum 
magnitude of p.trans iS an order of magnitude greater than the amplitude of 
pi. Im figure 8 the time variation of pjtrans/(|6U9|/Uo) sinAy for A=x«K at 
shock strength from 1-514 to 6-005 is plotted. Since p,,,.4n, is normalized with 
respect to P, we can see from figure 8 that, in this range of shock strengths, the 
transient pressure component rises in magnitude roughly in proportion to the 
shock strength. 


11. Shock displacement for a single column of vortices 


The above solution can be used to solve a second problem which is of some 
interest, namely the convection through a shock of a single column of vortex 
cells parallel to the y-axis. For this case the upstream disturbance is specified by 


U=%=90 (0>U,t-2x, U,t—x > (a/x) = 4); 


Uy = |Up| sin (Ut — 2) sin Ay ) en er (11.1) 
“0 — ve 


Uy = — |Uo|(K/A) cos x(Uyt — 2x) cos hy} 
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Ficure 9. Shock displacement and pressure disturbance for a single column of 
vortices, with ax/Auw = 1, A/k = 2-085, P,/P) = 1-514, My = 1-2. 


Calling the shock displacement for this case yr! we have by simple superposition 
Ui = ily.t) + tly.t—1/20)), (11.2) 


v, being the displacement velocity found previously for the semi-infinite vortex 
field. Integration of equation (11.2) yields the displacement 7?! which is plotted 
in figure 9 together with De trans 1] |%p| To1 ao sinAy as a function of time for 
ax/Aw = 1, P,/P, = 1-514. 


This work was completed at the Johns Hopkins University and was supported 


by the United States Air Force under contract AF 18(600)-757. A more detailed 
discussion of the problem appears in Werner (1959). 
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A non-linear theory for oscillations in a parallel flow 


By D. J. BENNEY 


Department of Mathematics, Massachusetts Institute of Technology 
(Received 21 April 1960 and in revised form 10 August 1960) 


Three-dimensional periodic oscillations in the shear flow region between two 
parallel streams are considered up to that second order of the oscillation ampli- 
tude. It is shown that, as an integral part of the oscillation, there is a mean second- 
ary flow in the nature of a longitudinal vortex. Despite the dissimilarity in the 
profile of the basic flows, several of the principal features of the calculated re- 
sults can be compared with those observed for the Blasius flow by Schubauer and 
Klebanoff & Tidstrom at the National Bureau of Standards. 





1. Introduction 


One of the most basic and challenging problems in fluid mechanics is to obtain 
an understanding of the various physical mechanisms involved during the tran- 
sition from laminar to turbulent flow. It could be called the missing link between 
the two régimes of fluid motion. This problem has been subject to a great deal 
of theoretical and experimental research, especially over the last decade, and 
considerable progress has been made to bridge the gap. However, there remains 
a vast amount of work still to be done before our knowledge of the transition 
phenomenon is complete. One may anticipate that the final answer will include 
many simultaneous effects. 

In order to study the breakdown of laminar flow it is necessary to follow the 
growth of a disturbance superposed on the basic flow. If this disturbance is of 
very small amplitude, the equations can be linearized and one can develop the 
linear theory of hydrodynamic stability. This theory has been investigated in 
great detail and a survey of the subject is given in the monograph by Lin (1955). 
There can be no doubt that the initial trend of a small disturbance will be de- 
scribed adequately by the results of the linearized theory. Indeed there is now 
ample experimental evidence to support this fact (Schubauer & Skramstead 
1948). However, as the oscillation grows the non-linear terms in the equations 
become important, and must be included in the investigation. 

It has long been recognized that the inclusion of the non-linear terms adds 
two important new features to the problem. First, there is the effect of the Rey- 
nolds stresses in producing a redistribution of momentum and so a distortion 
of the original velocity profile, and secondly, the excitation of higher harmonics 
of the original oscillation. For finite-amplitude oscillations the modification of 
the basic flow through the action of the Reynolds stresses can be quite appre- 
ciable, and this will in turn modify the rate of transfer of energy from the mean 
flow to the disturbance, and so the rate of growth of the disturbance. Meksyn & 

14 Fluid Mech. 10 
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Stuart (1951) have calculated these modifications for the case of flow between 
parallel plates, and have given some calculations showing that the production of 
higher harmonics plays a less important role. Their results show that an increase 
in the amplitude of the oscillation produces a lower critical Reynolds number. 
More recently Stuart (1958, 1959) has given a somewhat simpler analysis based 
on energy methods and has obtained good agreement with experiment for the 
case of flow between rotating circular cylinders. Both these discussions consider 
only two-dimensional disturbances. The importance of the critical layer region 
as the ‘weak spot’ of instability has been stressed by Lin (1957). He has shown 
that for disturbances in a parallel flow all the harmonic components of the oscil- 
lation simultaneously become important around the critical layer, before the 
amplitude of the fundamental is large enough to cause any significant distortion 
of the mean flow, sufficiently large for experimental observation. 

The search for a suitable mechanism to describe the onset of turbulence has 
aroused much interest. Several plausible theories have been proposed and all 
possess some element of truth, although no single one appears to be the complete 
answer. Landau’s concept (1944) of successive instabilities seems intuitively 
reasonable, and enables one to picture the appearance of additional modes of 
oscillation corresponding to a sequence of critical Reynolds numbers. Gértler 
& Witting (1957) have proposed a theory, in line with Landau’s conjecture, 
based on the curvature of the streamlines causing a periodic vortex structure. 
There is experimental evidence to support the existence of secondary vortices, 
although there has not been any definite confirmation of the phase relationships 
involved. 

A horseshoe vortex structure as the fundamental element of transition has 
been proposed by Theodorson (1952), who also suggested that strictly two- 
dimensional disturbances are unimportant for causing transition. This latter 
conjecture is strongly supported by the recent experiments of Schubauer (1957) 
and Klebanoff & Tidstrom (1958), which we shall discuss briefly below. 

The presence of longitudinal vortices during transition has been reported 
by many experiments. These can be observed using dye and china-clay 
techniques. 

Mention must be made of the relative importance of two- and three-dimen- 
sional disturbances. This is a current issue that has attracted much attention. 
On the basis of linearized theory, Squire’s result (1933), namely, that three- 
dimensional disturbances are equivalent to two-dimensional ones at a lower 
Reynolds number is applicable, and so to estimate the onset of instability one 
need only consider two-dimensional disturbances. However, once the flow is 
above the critical Reynolds number, oblique waves also become unstable. There- 
fore it must be anticipated that the initially two-dimensional waves will become 
progressively three-dimensional as the Reynolds number is increased. This 
point has been emphasized in earlier work by Lin (1957). Indeed, since turbulence 
is an essentially three-dimensional phenomenon there must be a stage during 
development when the three-dimensional disturbances tend to dominate. Two- 
dimensional theory cannot be expected to suffice. This simple observation sug- 
gests the necessity of a theoretical investigation of three-dimensional effects. 
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Recent experiments also point strongly to the desirability of such an investiga- 
tion. Notable among the vast array of experiments probing the phenomena of 
transition, is the work of Schaubauer (1957) and Klebanoff & Tidstrom (1958) at 
the National Bureau of Standards. Most of their work has concerned boundary- 
layer transition on a flat plate. Perhaps the most startling and significant fact 
revealed by these experiments is the almost periodic spanwise variations of 
intensity with peaks and valleys occuping fixed positions and forming streets 
of high and low intensity. This periodic spanwise variation causes a warping of 
the velocity profile, the turbulence appearing to originate at these peaks and 
to spread into the valleys. More recently, further experimental work on this 
spanwise variation has been done and we shall have occasion to refer to it at a 
later stage. 

This brief introduction points to the multitude of effects observed and pre- 
dicted during transition. If it serves no other purpose, at least it does pose the 
question as to whether there is any advantage in a theoretical approach which 
does not include all the non-linear terms. The complete solution of the non- 
linear equations should automatically include all of these effects. A consideration 
of all the non-linear terms has been advocated by von Karman, and it is in this 
spirit that we have undertaken the present investigation. 

Our task is to examine finite-amplitude disturbances, paying special attention 
to the three-dimensional oscillations. It is to be stressed that this will be done by 
setting up a systematic perturbation from the linear theory and that a purely 
formal mathematical approach is adopted, although much of the motivation 
for this work stems from recent experimental evidence. 

It is difficult to give a detailed explanation of the conclusions before the actual 
calculations have been made. Therefore at this stage only brief comment will 
be made on the interpretation of the results. A detailed description will be given 
later. 

The quantity found to be of prime importance is the mean secondary vorticity 
in the downstream direction. This vorticity has a periodic spanwise variation 
and produces a redistribution of momentum in planes perpendicular to the 
direction of flow. It is this momentum exchange that is responsible for an alter- 
nate steepening and flattening of the velocity profile, causing a warping or 
crumbling effect on the basic flow. Explicit formulas are obtained for the rate of 
growth of the second-order mean motion. Superposed on these secondary vor- 
tices there is the vorticity of the primary oscillation itself. This is periodic in 
the downstream direction, and so the two effects combined should produce 
alternately partial reinforcement and cancellation over each wavelength. 

The results obtained are applicable to a general parallel flow; but for illustra- 
tive purposes we have restricted the detailed calculations to the case of a shear 
profile. It is to be noted that, although our interests are chiefly with the three- 
dimensional nature of the motion, we do not discount two-dimensional effects. 
The results found by Meksyn & Stuart (1951) are in fact included in the analysis. 
It is believed, however, that in most situations the spanwise profile distortion 
will be the more important mechanism during transition. 
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2. Mathematical formulation 


We now proceed to give the mathematical formulation on which the subsequent 
calculations will be based. The symbols p, q, w and F will be used to denote the 
fluid pressure, velocity, vorticity and Reynolds number, respectively. As 
mentioned in §1, the calculation of the second-order vorticity will play a key 
role in this development. For this purpose it would suffice to use the vorticity 
equation, namely, 


Ow 1 ; 


This will be referred to at the end of this section. But in order to calculate the 
second-order velocities it is convenient to proceed directly from the equations of 
motion, together with the continuity equation, that is, 


eq ee “a 
ay +(q.V)q = Vp +pAa. (2.2) 
Viaw~®, (2.3) 


where we have supposed the fluid to be incompressible and all quantities are 
expressed in dimensionless form. 

We may suppose that q, p and w are expanded as perturbation series of the 
form 


p = p +ap) +a2p® + ..., (2.5) 
@ = 0 +aw® + aw + ..., (2.6) 


where q® is the undisturbed basic flow and q® the primary oscillation, ete. 
The symbol a is used to denote a perturbation amplitude, and p is the pressure 
distribution associated with the basic flow. 

Taking (x,y,z) as rectangular co-ordinates, and a given parallel basic flow 
q = {ul(y), 0,0}, we wish to trace the growth of a wave of small amplitude 
propagating in the x-direction, having a possible z-variation of amplitude, which 
will for the moment remain unspecified. 

Successive perturbations are determined by sets of equations of the type 


eq” n l , 
eee +¥ (q’—™.V)q” — —Vp™ +- -Aq”, (2.7) 
ct r=0 R 

Viq@~m=20 (s = 1,32....). (2.8) 


We now proceed to derive the equations relevant for a determination of q 
and w up to terms O(a”), and in particular to find the second-order mean motion 
induced by the primary oscillation. 


Let q = (u,v, w), (2.9) 
q” = (u™, o™, wh), (2.10) 

ial ~~) 1 

and so w = (£,9,¢) (= ea a (2.11) 


99920) Aq) Ag (nr) X72) Aa) = Agy(r) 
ea") = (£0, le, C0) = (= — ee 
. - cy Oz” Oz Ox’ On = oy 
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Pp 
If a is the wave-number of the primary oscillation associated 

direction, we take, 

u® = u(y, z, t) et + uP *(y, z, t) e-é, | 

yw) — oD (y, z » t) eter + ye (y, 2, ie, 
wP(y, 2, t) etx ae wi *(y, Z, t) e~ tar, 
py = phy, Z, t) etax + pP*(y, Z, t) e-taz, 
ga) — a ED y, zt eter + Ee (4 Y,2, t) e—tax, 


w) — 


Y; 2, t) eW tan, 





) (y 
yw) — mP(y, 2, t ) etae + fD%/ 
cd) — CMO(y, z Z, t) eta 4 EM*(y, z, t) e—tax 


where £0) — ag sine 
oy Zz 
a, (1) 
Cu 
i) 1 ek) 
My) = 5 - — toawy), p 
Nal) 
‘ ou; 
CP = sav — SE 
oy 





and where an asterisk is used to denote a complex conjugate. 
The eee governing the first-order motion are 


PO) , 
CUg Q) y Ria 0 (1) 
; — ta 5 lag tag ot) ef 
cy PTR oy? dz? , 


(1) 


—— tiaupuP + oP 
at 


(1) a) a2 
Ov} opt 1 o 
(0),,(1) _ 2) yi) 
—— + 1aupo = 35 2 aa v 
Ct Oy alas 02? seg 
1) (1) s 43 
G Wy Cp 1/e e 
1 tau) — — or +- pleat — a2} wi), 
Ot dz * R\dy? +h 
do ow) 
tau +—1 +—+ = 0. 
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with the z- 


(2.13) 





The secondary flow q®, p®, w®), can be written as the sum of a mean motion 


and a second-harmonic oscillation. Thus, 
ye?) — ue "(y, 2, t) +u?(y, z, t) eriax 4 ye(y, z, t) e—2taz, 
v® = yy, z, t) + 
we) — wey, z, t) + uP (y, z, t) e222 + w2*(y, z,t)e—Maz, 
p® = py ly, 2, t) + pP(y, 2, t) er" + pP*(y, 
EQ) = EN y, x, t) + Ey, z, t) e222 4 LL (y, z, t) eRe, 


+ uP (y, z, t) ezine 4 v2*(y, z,¢ Je e—2iax 


Zz, t) e—2iax 





n®) = my, Zz, t) =f a? (y, 2, t) eriax 4 9P*(y, z, t) e2iax 
£2 = Py, 2,1) + EP ly, 2, tere + CP Ly, 2, terrae, I 
(2) 4, (2) 
‘ Our Cc 
where Pe eae, 
cy 02 
(2) 
2 Cup 
m oz” 
a Ouy 
| ce/ 3 
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owe) dv? 
and & == -—+ , 
Cys 
(2 


ou!) .. 
1 = — — 2iaw??, 
A) (2) 
ou! 
C2) = Qiav?)——*. 
oy 


The notation used is such that superscripts refer to the order of the motion and 
subscripts give the harmonic. 
The equations to determine the mean secondary flow are 





oul?) ss duo rs) F) = 
7 + vf) _ + re (uP 4. yey) + aS (uPw* + uP *w)) 
eT fa 4 o uf 
~ R\ey? * e22} -°’ 
Ou? 0 é Op? (1/8, @& 
= defines ay (v@y Da) + ~ (vDvD* 4 oly) = Sy TR (s+ = v?, (2.17) 
ow, a 0 Copy? ee @ 
= den ay (* yDyM* + yD *yM) 4 2 = (wPwO*) = - ae (ss+aa) wu, 
ous? Cws _ 0 
Cy aC J 
The second-order oscillation satisfies 
ou =6—du) — ou) cut) , 
—* v2) ’ + 2iauP uP? + iacuP? + of) te + wil) — 
a 2 
= — 2iap?) + +p 5 (3 a” 42) ul), 
2) asl) a 
Cs Sey?) + dew Dy 4 pen OU 4 yn Oo? 
OE i | 1 cy 1 ez 
_ ap? 1/8 @ 
- sot Seal 2) 42) 
“ey +plastan 3 424) of > + (2.18) 
dw? ow’ aw) 
4 Laww? + iou®w® + 9 2 - eel i) — 
op? g2 2 
a —— 
oie +Rlaa +a 4a) uf 
(2) d 
Ziau?) + ous 4 Ou -_ 





Cy oz 

From the set (2.17), or from (2.1), it is readily seen that the component &? of 
the mean second-order vorticity satisfies the equation 

age) ‘a 02 


-5) (vDavD)* + yD* yy) 4 2 0? (wy — yy De) — 1 a r 
“Ot Uy wow 
at" \ay® a2 dyoz* 2? " - gf”. 


R aye t 
(2.19) 


The momentum transfer associated with this longitudinal vorticity will be of 
prime importance in later discussions. 
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3. Distortion effects at high Reynolds numbers 


For flows at high Reynolds numbers the velocity field will conform to the 
inviscid equations as a first approximation, except within the critical layer region, 
where viscous corrections would be needed. A discussion of the subtleties 
involved in this limiting process can be found in Chapter 8 of Lin’s book (1955). 
Indeed the inviscid limit is justifiable for the case of amplified disturbances and 
for neutral disturbances as a limiting case. If the complex wave velocity is 
c =C,+ic,, then c, represents the wave speed, c; > 0 implies amplified, c; = 0 
neutral, and c; < 0 damped disturbances. It is convenient to introduce the 
amplitude functions for the primary oscillation; these are denoted by a circum- 


flex. Thus. i ; 
uP(y,z,t) = Ay, z) e-@4, (3.1) 


and similarly for of, w, and p®. 

In studying the growth or decay of an oscillation we are interested in the case 
when ¢, is close to zero. For the case of large Reynolds numbers we can find quite 
simple explicit formulas for the rates of growth of the second-order mean velo- 
city modifications. To this purpose it is convenient to rewrite equations (2.17). 
Dropping the viscous terms, we have 


Cup) Cus” 
Cy Oz ae 
Cu?) dvi?) ' 
eT (3.3) 
dul?) du® . . 
“+e =a er ; (3.4) 
of?) ee) 
‘> Dy, z) eracjt (3.5) 
(2) © papas Cp) 0 ADBD* 4 Q¥GD) 
where (y,z) = ~ jy Ope + Up Oy) — a (M1 + a *0}”), (3.6) 
a ak AL) A OF pana (1) (1 
and £°(y,z )=(S-=) (ODOM * + HY* OH) + 2 Syoe HDFD)* — HOGMO*), (3.7) 
Integrating (3.5), we have 
e Zac; é _ 1\ 
EP = £Pty,2) (=) +Cw.2), (3.8) 


where the form of the solution is so written that the limiting case c; > 0 can readily 
be discussed. Clearly the arbitrary function of integration gives the initial value 
of £?), which we may take as zero for the purpose at hand. The interpretation of the 
solution for t = 0 is to be taken more in the formal rather than the physical sense. 
The solution is supposed to be valid for a range of t, t; < t < t,.T 


+ When the manuscript was shown to Dr J. T. Stuart and Mr J. Watson, they pointed 
out that the method they have developed for two-dimensional disturbances can be 
adopted here to modify the solution so as to make it valid for ¢ > —oo. 
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In using this result for £{?, the time dependence of the corresponding velocity 
components can easily be found. The results are 








2acjt_] — Qac,t) erat ] 
(2) _ 4(2) (e : i Py. 2 “| 3.¢ 
UP = 2 oe +P (S—), (3.9) 
m eae tu] 
ve) = My, Pane)(= a, *)> (3.10) 
: an [ e2acjt ie 
uf = ay. 2) (SF —) (3.11) 
; . e2xcjt__ | 
EP) = £2y, z) ), (3.12) 
oa) aypt2) 
edie ae = 0, (3.13) 
Cc @ 
a 
i Ns. eS 3.14 
. du 
SP(y, 2) = — OP(y.2) (3.15) 


and #?(y,z), €®(y,z) are given by (3.6) and (3.7). 

A Leticia of the primary oscillation is sufficient to determine *?(y, z) and 
Ey, z), thence the solution of a Poisson equation gives the second-order mean 
velocities. The equations also show that the second-order mean velocities grow 
exponentially in time, or in the case of neutral oscillations as powers of t; for 


pa et 
lim ; 7 => —21 5 
ci>0 2AC; 


i fe®2ei#-1—2ac,t) _ 
\ (2ae;)? 7 


ci>0 


. 


toh 


Therefore even for neutral disturbances the secondary flow will build up and 
eventually dominate. 

One of the most interesting features of this analysis is that a three-dimensional 
primary oscillation induces a mean second-order vorticity into the flow, having a 
component &{?) in the downstream direction. It is this mechanism which produces 
a spanwise momentum exchange and causes a warping of the original velocity 
profile. 

Thus far the analysis has been kept quite general and the equations would 
apply to a general type of parallel flow. To be more definite we now prescribe the 
primary oscillation. The initial oscillation must be expected to be two-dimen- 
sional. However, as mentioned earlier in $1, three-dimensional waves must 
appear at some stage during the development. We assume this to occur before 
the oscillation leaves the linear range. There is a strong experimental support 
for this conjecture. Schubauer and Klebanoff in their experiments report that 
transition never occurs without first being preceded by a strong warping of the 
wave. 

A more general infinitesimal oscillation can be compounded of a purely two- 
dimensional component together with a standing wave in the spanwise direction. 
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Of course, in the practical situation this latter component must be present to some 
degree, for undoubtedly there will always be some spanwise irregularity in the 
amplitude of the oscillation. The question then arises as to which component will 
be dominant as transition is approached. This will depend on which component 
has the higher amplification rate and so would require the details of the stability 
for the flow under consideration. 

We now revert to a less cumbersome notation and consider in detail the case 
of a sinusoidal spanwise variation of amplitude (wave-number /) associated with 
the three-dimensional wave. We write 


uy'(y) = Uy), 
uP(y, 2, t) = @P(y, z) ea = [AB,(y) cos fz + uO, (y)] e-, 
vy, z,t) = 2M (y, z) eit = [AD,(y) cos Bz + WV, (y)] e-*, 


( (3.16) 
wy, 2,t) = OM(y, z) et = [AD,(g ) sin Pz] e+, 
(y, 


py, z,t) = PM(y, z) e-tt = [AP,(y) cos Bz + uP, (y)] e-*", 


ED(y, z,t) = EM(y, z) e-txet = [AE,(y) sin fz] e~ tt, ; 
where the ratio /A is a measure of the relative importance of two- and three- 
dimensional oscillations, and will be taken to be real. There is then no loss of 
generality in taking this ratio to be positive. The reality of ~/A corresponds to 
taking the two- and three-dimensional oscillations to be in phase. This corre- 
sponds to the situation in the experiments of Schubauer and Klebanoff. Also it 
appears to be the most likely physical situation if one regards the three-dimension- 
ality developing as a perturbation from the two-dimensional waves. + 

The two sets of equations governing the primary oscillations then become 








dé 
iat +9, ths = 0, 
1a4(Uy—c) @ +i» = —1ap 
0 1 Gy 3 Pi (3.17) 
dpy 
14(Uy —C) 0, = dy’ 
14(Ug—C)@, = + PP, | 
and ae” = 0, 
, ~ dus «_s ‘ 
1a(Upy —C) ar i = — iaP,, (3.18) 
“ dP, 
1a(Uy—c)V, = a 
Also, the function £,(y) is determined by 
die 
£=—'+fr,. 19 
$1 dy + pr, (3.19) 


+ If u/A is complex the subsequent analysis suffers some slight modifications. These 
will not be considered in this paper. 
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Corresponding to this primary oscillation, the mean secondary flow has com- 


ponents which we write as 
ON'(Y, 2) = A*0q(y) cos 2Bz + Apud,(y) cos Bz + A*O(y) + Waly), | 
OP (y, z) = A°B,(y) sin 2fz + Aum, (y) sin Pz + A72B,(y) + PD aly), 
EP(y,2) = ran ) sin 22 + AuE,(y) sin Bz + APE (y) + WE aly), 
AY (y, 2) = A*P,(y) cos 2Bz + AuP,(y) cos Pz + A*7(y) + Fay), 
80°(y, 2) = A*%Bq(y) cos 2fz + Aus,(y) cos Bz + A°8(y) + W*8a(y)s 
PO (y. 2) = A°P,(y) cos 2fz + AuP,(y) cos Bz + A*P.(y) + H*P aly). 

The subscript a refers to that part of the mean secondary flow induced by the 
purely three-dimensional part of the oscillation, and the subscript 6 to the part 
due to the interaction of the two components of the primary oscillation. Both 
these secondary a and b flows are periodic in z and will produce three-dimensional 
distortions of the original flow profile. Quantities with subscripts c and d are 
merely two-dimensional distortions due to the three- and two-dimensional 
components of the fluctuation respectively. If A = 0 the mean secondary flow 
would reduce to the d flow, corresponding to the case of a purely two-dimensional 
oscillation which has been considered earlier by Meksyn & Stuart (1951). 

On referring to the general equations for the mean secondary flow derived at 
the beginning of this section we can now obtain, using the assumed primary 
oscillation, sets of equations to determine the a, b, c, and d flows. 

The a flow is determined by 


(3.20) 








5 nap 
Sa a dy ’ 
A 1 d A Ak KA Ak 
“ey - (2, OF + Gf0,) — P(A, OF + AF @,) 
E 1d | ops (d,0F + OF 0 2p 2% O*¥ +0, 0%), ( (3.21) 
m a 2 dy? i Naaas | s Calas b -— D hae Oe 
d mn 
~ = 0, 
dB, " 
——+2f0, = &4 
dy Pea J 
The b flow is determined by 
_ , du 
io ge 
d > i> ry A FTA y: 
1 = “arr Ut + #0,) — B(O,0% + Ut®,), 
er ee d Dns, pan 3.29 
= — (Fat P) (hat + Pre) pT Rots Pt), [322 
di e 
dy +P = 0, 
d®, on 
$+ po, = & 
dy B b Sb ‘ 
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The c and d flows are independent of z and so £, = £, = 0. Also 
, We ee Me, 
dy dy dy dy — 
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Hence, for the case of a fluid in the presence of a solid boundary or of a fluid 


extending to infinity, these four velocity components must be zero. 
Therefore the c flow is given by 








8, = 0, 
A 1 d A A A A 
aia dy (2,0f + af0,), 
:: = 0, f 
0, = 0, 
®, = 0. 
Similarly the d flow is given by 
Sq =0 
x led 
74= “gaa UtV,), 
i = 0, 
va = 0, 
Ba = 0. 


(3.24) 


Thus these two-dimensional distortions contribute to wu? through the gradient 


of the Reynolds stress, but do not contribute to vf or wi. 


For the sake of completeness we list the equations for the analogous contribu- 


tions (e, f,g, h) to the oscillatory secondary flow. We write 


uPy, 2,t) = AP(y, 2) e-Biad 
= [A?@,(y) cos 262 + Auti,(y) cos fz + A*2,(y) + uh, (y)] e- 22, 


Py, 2, t) = OPLy, 2) e-P 
= [Ad,(y) cos 282 + Aud, (y) cos Bz + A7O,(y) + u70,(y)] e- 2, 
wy, 2z ,t) = =~ OP (y, z) e—2tact 
= [A*@,(y) sin 282 + Aud Ay 
Py, z) e-Riaet 
= [A*p,(y) cos 22 + Aup,(y) cos Bz + A*P,(y) + u 


The e flow is then determined by the equations 


)sin Bz + A2B,(y) + u?2@;,(y)] e-7, 


p(y, Z, i) = 
*Px(y)le- 2. 


Bialuy—c) +50, += 5(* en Q, a) an 
2ia (Ug ee = ~ 
21a(Uy —c) 0, += 5(° ‘a a, i) = 26P,, 
via, + 5! + 2h, = 0, 
e= aoe 2p.) 





» (3.25) 





(3.26) 





220 D. J. Benney 


For the f flow q 
Zic(U,)—c) &y+ ie dp + 210d, 0, +8, a +V, ‘ = — ap, 
21a (Uy — Cc) b,— pod, V, a ye. 
2ia(uy—c) &, +P; os a BDy. (3.27) 


1 dy dy 


A 


di: 
Dinh Fy = 
wie it” + pw, = 9, 








de 
ena f RS) 
a + Pos.) 
For the g flow 
du 1/, da dé 
2iatu,—c)a,+— 0, +—12, ——8, —*)—64.@, = — iad,, 
(Uo ) Uy B53 (0g dy Puy —" 
: . - dp 
ia(uy—c)b, —fd,0, = — af 
wy mone 0, r (3.28) 
2at,+—"=0 
od 
L=¢ 
Finally, the h flow is given by 
du dU, dl, 
2ia(uy—c) 2, +0, + V, 1 - U, | = —2iaf,, 
( 0 ) by + dy Unt 1 dy al dy UaPy> 
. a dp 
21a(Ug—Cc)?, = os 
wy = 0, r (3.29) 
. ie 
Zieh, +" = 0, 
dy 
fi, = 0. P 





We shall now perform the calculations for a particular case. Such a calculation 
will shed considerable light on the mechanism involved. 


4, Application to the case of a shear flow between parallel streams 


In this section detailed calculations are given for the case of the shear profile 
u(y) = tanh y (ef. Esch 1957, and Drazin 1958). Such a shear flow can be readily 
approximated experimentally by mixing two parallel streams, and so the theo- 
retical predictions should be capable of direct confirmation. At the time of per- 
forming these calculations no experimental results for a shear flow, with special 
attention to spanwise variations, appear to be available. Such experiments 
would be highly desirable. 

From the set of equations (3.17), governing the standing wave component of 
the primary oscillation, it can be shown by a simple elimination that ¢, satisfies 
the equation 


@ . @ 
(up) —c) (ja-2°-#*) "1 ye y= 0. (4.1) 
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For u(y) = tanhy, we have a point of inflexion at y = 0, and Curle (1956) 
has shown there is a neutral oscillation given by 
%,=sechy; a7+f2=1; c=0. (4.2) 
In fact one can set up a regular perturbation in c about this solution using the 
method of variation of constants. As our interest centres on the case of c; small, 
we shall be content with the first term of this perturbation. 
A complete solution of the linear system (3.17) corresponding to this neutral 
oscillation is : 
A v D) 
on > [42 cosech y — sech y tanh y],| 


01; = sechy, (4.3) 
®,, = P cosechy, 
py; = iasech y. 


For the two-dimensional component of the primary oscillation we take the 
known neutral solution of the set of equations} (3.18), namely. 


U,, = —isechy tanh y, 
V,, = sech y, (4.4) 
Py, = isechy. 

These will be reliable solutions for fairly slow spanwise variations of amplitude 
and for c; small. Again the solutions could be improved by perturbation tech- 
niques; but for the range of interest the above approximations will be taken as 
adequate. As was mentioned in §3, in practice one part of the second-order mean 
flow (the b flow) may be of a quasi-steady nature, corresponding to slightly dif- 
ferent downstream wave-numbers for the two- and three-dimensional parts of 
the primary oscillations. 

In the solutions (4.3) and (4.4), the subscript 7 has been added to emphasize the 
fact that these solutions are purely inviscid solutions, and therefore will be re- 
liable solutions for the flow of a real fluid at high Reynolds number, provided we 
are not close to the critical layer (y = 0). It is important to note that the ampli- 
tude functions @,; and #,,; exhibit singularities at y = 0, which would be absent 
in any real fluid. That is, when viscosity is included these poles would not be 
present. 

On the basis of a purely inviscid analysis, we obtain, from (3.21) to (3.24), 


‘ 162 

Sai = sake [(1 — A?) cosh 2y — 6), | (4.5) 
Pai = 0, 

E, = — = [16 cosh 2y + f? cosh 4y — A?) | 

bi sinh? 2y © oe y "tT (4.6) 
Py; = 0, 

—a a 

y 7 re me, } (4.7) 
bai = Fai = 9.) 


+ Strictly, this solution would have to be modified due to the difference in the value of 
a; but the logarithmic singularity is believed to be unimportant compared to the higher- 
order singularities present in the inviscid oscillation. 
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It is seen that the functions £,, and &,, have poles of order three at the critical 
layer. Thus the singularities in the primary flow give rise to more serious diffi- 
culties for the secondary flow. Clearly this singular behaviour can be corrected 
by using a viscous correction near y = 0. 

Corresponding to the neutral oscillation ¢,,; = sechy, the equivalent two- 
dimensional component of this oscillation is given by iz@,; + fe,; = sechy tanh y. 
However, the cross-wave component is 6; = £0,;+ia@,; = + (if/a) sech® y coth y, 
and has a pole at y = 0. The complete differential equation for ¢ is obtained by 
taking a suitable combination from the set (2.15). It is 


ae [iaRtanhy+1]¢ = fRsech?y. (4.8) 
Formally putting # infinite, we have the inviscid solution 
$; = —F sech* y cothy. (4.9) 


It is well known that the critical layer has a thickness of order («R)-3 and it is 
within this region that the solution ¢; will be modified by a correction of the 
boundary-layer type. 

A formal method of dealing with a homogeneous second-order differential 
equation, involving a large parameter «R, whose coefficient has a turning point, 
has been given by Langer (1949). The extension to the non-homogeneous prob- 
lem is very simple. We sketch the method as it applies to the problem at hand. 

First consider the general solution fF of the homogeneous equation 


op. : 
i [iaRtanhy+1]y = 0. (4.10) 
Let T(y) = " (tanh y) dy = tanh-!,/(tanh y) — tan-!,/(tanh y), (4.11) 
0 
Z(y,ak) =iY(y,aR) = i(aR)} (37/2)%, (4.12) 
dT\-4 

ow) =r (F) (4.13) 
Pily) = Qy) h(Z). (4.14) 
where it th = = Q), (4.15) 

A straightforward substitution then shows that , satisfies the equation 
a - lia tanhy +575 il Y y, = 0, (4.16) 


Q-d*Q/dy” being regular and non-zero in a neighbourhood of y = 0. Equation 
(4.16) is considered as the approximating differential equation for (4.10) and 
correct to order («R)-5 we may write f = ,. 

The solutions of equation (4.15) are the modified Hankel functions of order one- 
third. That is, in the usual notation, 


hy(Z) = (322) HD (323), (4.17) 
ha(Z) = (32Z2)8 HP (328). (4.18) 
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As Q(y) isa known function of y, we can write the general solution of equation 
cniniee f = {A,h,(Z) + Agha(Z)} Qy), (4.19) 
where A, and A, are arbitrary constants. 

Returning now to the non-homogeneous problem, the solution 4(y) is required 


to approach the inviscid solution ¢,(y) for («R)} y large. An application of the 
method of variation of constants readily shows that this solution is 


é=- F sech® y cothy ZL(Z), (4.20) 


where L(Z) is a Lommel raicion and is the solution of the differential equation 
?L/dZ?+ZL = 1, which behaves like Z-1 for |Z| large. L(Z) can easily be 
checked to be expressible in the form 


°Z, 
1(Z) niZy | Ine Iy{)ade—yZ) | hye) ak 
W oe (Z), hy(Z)} . 
provided —37 < arg(Z) < 37. In the above application arg(Z) = +47. 
W{h,(Z), h.(Z)} denotes the Wronskian of the functions h,(Z) and h,(Z). In the 
usual normalization for the Hankel functions, we have 


W{h,(Z), hy(Z)} = — "2 (5). (4.22) 


nm \2 


(4.21) 


The above method of approximate solution can be systematically extended to 
higher approximations by using perturbation series in («R)-4. 

In dealing with the case of high Reynolds numbers we shall retain only the 
leading terms in «F for all quantities in the subsequent work. The viscous cor- 
rections, which apply for Y = O(1), or y = O(aR)-*, remove the singularities 
obtained by the inviscid analysis. 

The Lommel function plays an important role in the problem and it is useful 
to list a few of its properties. We write 


L(Z) = L,(Y)+iL,(Y), (4.23) 
where Y = (aR) y. (4.24) 
From the differential equation we have 
PL, « 
pation! a Y-4 
agg tly = (4.25) 
aL, ; 
dY2 ae YL, = U. (4.26) 


Also, using the result that [h,(Z*)]* = h.(Z), it can be shown, from (4.21), that 
L,is an even and L, an odd function of Y. For Y large, 


Ly = sata (4.27) 
1 40 


The graphs of L,(¥) and L(Y) are shown in figure 1. 
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Dropping the subscripts i for the corrected solution, a little manipulation 
yields 
B2(aR 
a, = a = ) -LAY)- ‘ (#eosech y—sech y tanh y) gh AY), 
9 
¢, = sechy, ae 
@, = —Pcosech y YL,(Y)+iP(ak)i L(Y), 
U, = —isech: tanh y, 
Hy “i y>| (4.30) 
V, = sechy. J 
1L5- | 
” Bag | 
05 4 
AY 
= = ae = cae 
: wl Y=2 3 a 
=05/- | 
, 
~10+ L(Y) - 
FicureE 1. Graphs of L,(Y) and L(Y). 
The corresponding second-order quantities are 
; 162 
ee a 2y — B2IGUY 
Sa sinh? 2y [(1 p ) cosh “<Y p ]G(4 )| 
(4.31) 
5 *(aR)i dL, | 
7 a dy’ 
where 1(Y) = ol 2 ge” (12412) YL,|; 
vhere 7 ~ 2(1 982) =/ ayert r} 
9R 
fe ye <p ) 
— 7 [16 cosh 2y + #? cosh 4y — £2] H(Y y 
(4.32) 
2 2/?(aR)3 dL, 
ee a’ 
where H(Y) = —4Y4D,. Also, 
= Q, 
. _ Pak) aL, | (4.33) 
; ————_ - 
i a dy’ 
b4 = 0, 
‘ ! (4.34) 
rq = 90. 
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ulation| For Y large 
16(70 — 192) : 
G(Y)=1- at 4.3% 
1120 ; 
2 7 = t 2A 
T T T T T T } 
(4.30) | 
| 
| 
| | 
| eae J } 
é E,(y) 
Ey) 
1 : i ! J 
-40 -20 0 20 40 60 80 100 120 
Figure 2. Mean secondary vorticity amplitude functions. 
s Rania en 
+7 L 
+6> 
+5} 
+4 L 
5 3, 
+2 [ 
(4.31) pe 
i Y=1 
= | 
(4.32) : 
FicureE 3. Correction functions G(Y) and H(Y). 

The actual calculations have been performed for # = 3, aR = 125, which have 
been taken as typical of the behaviour of the functions. Both &, and , are odd 
functions of y. Figure 2 shows these functions. Figure 3 shows the graphs of the 

(4.33) correction functions G(Y) and H(Y). 
We now apply these results and calculate the mean secondary motion. 
(4.34) 
és Fluid Mech. 10 
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5. The mean secondary motion 

First we discuss the a flow contribution to the mean secondary motion. This 
has a spanwise period 7//, and is induced by the three-dimensional standing 
wave part of the primary oscillation. From (3.21) we have 


di - 
: a_ a . ofr pS 
dy? 4p Ya 2f5a» (5.1) 
1 di 
bm we 5.2 
u a 2p dy ? ( 2 ) 
where, from (4.31), E (y) = E,i(y) G(Y). (5.3) 


We require the solution of (5.1), for y > 0, subject to the conditions ¢,(0) = 0, 
and ¢,(y) > 0 as y > o. For y < 0, ¢,(y) and @,(y) are defined as odd and even 
functions respectively. Thus 

Pal—y) = — Pay); @al(—y) = @aly). (5.4) 
It is to be noted in passing that the solution of (5.1) with £, = 0 gives two- 
dimensional potential type mations. 

The solution of (5.1) satisfying the condition at infinity can be written down in 
explicit form by the method of variation of constants. We have 


y 

e(y) = Ae-?fu — [ é (t) sinh 2/(y —t) dt, (5.5) 
Py. 

@(y) = AeA + | E(t) cosh 2f(y —#) dt, (5.6) 


where both integrals are clearly convergent. For ¢,(0) = 0, A is determined from 


re | “£ (t)sinh 2ftdt, (5.7) 
0 
and so w,(0) = -{ E(t) edt. (5.8) 
0 


Using this value for A, we can rewrite +,(y) and @,(y) in an alternative form, 
convenient for small values of y, namely, 


ice \ uv. 

e(y) = (| E,(t) esa} sinh 2fy — [ f(t) sinh 24(y —t) dt, (5.9) 
0 J0 
ia eu. 

@(y) = -( | E,(t)e-2Hat] cosh 2/y + | £(t) cosh 2h(y—t)dt. (5.10) 
“9 / /70 


Approximate values for the constants A and @,(0) can be obtained in the 
following way. &,,(¢) can be expanded as a Laurent series about t = 0 of the form 


where, for the case at hand, 


Ay = — 28(1 —2A?). (5.12) 
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Putting 7 = («R)tt, and Y = (aR)} y, we have from equations (5.7), (5.8) 


A = —4f(1— 2?) (2) |” pa G(T) AT + Oak). (5.13) 
0 
and @,(0) = 28(1 — 2?) (28 | Be G(T) dT +O(aR)s. (5.14) 
0 


On using the value for G(7') from equation (4.31) we find, after some simplifica- 


tion, 
(CO 


A = 4(aR)} py (L? + L2)dT +O(aR)-3, (5.15) 

0 
m J _ aL. het ars 
@,(0) = — (2) p| 2921300) ay (| +O(aR). (5.16) 


So for R large, A > 0, and @,(0) < 0. 
Also from equation (5.9), using the same transformations, we have 


20 m 227 , : 
bly) = 4 é.| : exr|- “f 4 : dT sinh] on 
Jo (aR): (aR)t}(aR)i J (aR)! 


-{"é| z [sinner ai '_@T, (5.17) 
0 (aR) (aR)3 (aRy3 


é(y) > —462(1 — 262) (aR)3 4 pa G(T) AT. (5.18) 


v0 


and so for Y large, 


A 1 
Thus @,(y) tends to a constant value of order (2) as we approach the outer 


edge of the critical layer. On comparing (5.13) and (5.18), it is seen that it is 
this term that induces the external potential motion A e~?4¥, 

The preceding analysis shows very clearly the importance of the critical layer. 
Although viscous forces are negligible outside the small region y = O(«R)-3, 
we see that they are indeed responsible for inducing a potential component to 
the secondary motion, which is dominant far away from the critical layer. This 
two-dimensional secondary flow, induced by the purely three-dimensional part of 
the original oscillation, may be described as being due to a source distribution at 
the critical layer of strength o(z) = (A/7) cos 2fz per unit length. This source 
distribution is of Ofa2A2(aR)\t, and determines the direction of the circulation for 
the a motion at infinity. 

In figure 4 we show the graphs of @,,(y), @,(y), 7,(y), and 8,(y). 

By the same method we can discuss the b flow contribution to the mean second- 
ary motion. This has a spanwise period 27// and is induced by the non-linear 
interaction of the two- and three-dimensional parts of the oscillation. From 
(3.22), we have 


O, oo r ; 

dy? — rt, = — fb, (5.19) 
m 1d*, ” 

u b p dy (5.20) 

Ey) = ey) H(Y) (5.21) 
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te 
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These equations are of the same form as (5.1), (5.2), (5.3), with a, G, and 2/, 
replaced by b, H, and /, respectively. 
Hence we find, for y > 0, 





Y, 
o(y) = bew—| £,(t) sinh f(y —t) dt, (5.22) 
y 
@,(y) = bew+| E,(t) cosh B(y —t) dt. (5.23) 
ma ioe] 
As before, B -{ £,(¢) sinh ft dt, (5.24) 
0 i 
®,(0) = - | Ey(t)e* dt. (5.25) 
0 
T J T T 
y=2- 
y=l1 
$(¥) 
(9) 
ae 20) 
-20 -15 -10 -5 0 5 10 

















Figure 4. Amplitude functions for the a flow. 


On using this value for B, the expressions for d,(y) and #,(y) can be rewritten 
in the alternative form 


o(y) = (| “gscreman) sinh fy |” (0) sinh fly ~9 at (5.26) 
0 0 

@,(y) =—- (| “gc e-*ar) cosh fy +" E,(t) cosh B(y —t) dt. (5.27) 

0 0 

4 1 
Near ¢ = 0, E.,(t) = -#+0(7), (5.28) 
and so B= —4f?(aR)t | ~ pH()at + O(aR)-, (5.29) 
[.2) 
@,(0) = 4B(aR)i zs H(T)dT +O(aR)}. (5.30) 
On using the fact that H(7T) = —474L,(T), we find 

B = O(aR)-, (5.31) 
@,(0) = spar) +O(aR)s. (5.32) 
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Thus the interaction flow, or }b flow, produces a potential component 
Ofa?Au(aR)-*}, in contrast to the a flow. The same strong spanwise momentum 
exchange is present near the critical layer. Figure 5 shows the graphs of #,(y), 
@y(y), Po(y) and 3,(y). 
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Fiaure 5. Amplitude functions for the b flow. 
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FiGuRE 6. Streamline pattern for secondary motion, “/A > 1. 


The c flow part of the mean secondary flow is a purely two-dimensional dis- 
tortion due, however, to the three-dimensionality of the original oscillation. 
The only non-zero second-order term is 7,(y) = 7,,(y), relating to the downstream 
velocity component. This tends to produce a defect in x-momentum close to the 
critical layer at all points across the profile, and a very slight excess at the outer 
edge of the critical layer. The effect is confined to the region y = O(«R)-*. 
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To the order of the approximation used in the present analysis, the d flow, 
due to the two-dimensional oscillation, does not affect the mean flow. 

In order to interpret these results, it is desirable to plot the projections, on 
the (y,z)-plane, of the streamlines for the entire second-order mean motion. 
These will be obtained by solving the differential equation 
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(2) ae ly SEE (5.33) 
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FiacureE 7. Streamline pattern for secondary motion, “/A = 2. 
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FicureE 8. Streamline pattern for secondary motion, /A = 1. 
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that is, from 


dy dz (5.34) 
a ae ey ae —— ‘ 5. 
Ao, 008 282+ Aud, cosfz A?H,sin 262+ Apu®, sin fz 
and so, on integration, the streamlines are given by 
, ae , ae 
Ey, B, sin 2hz+ 3 0, sin fz = const. (5.35) 


Figures 6, 7, 8, 9, 10 show these streamline patterns for various ratios of ~/A. These 
streamlines have been plotted using equal increments of the stream-function 
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FIGURE 9. Streamline pattern for secondary motion, “/A = 3. 
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FicurE 10. Streamline pattern for secondary motion, u/A = 0. 
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from y = 0, and show clearly the steady longitudinal vortex structure of the 
secondary flow. 

This completes the formal mathematical calculations for the mean flow. It 
remains to interpret these results and to discuss the physical mechanisms in- 
volved. To this purpose it is necessary to make a few simple observations on the 
primary oscillation. 


6. The primary oscillation 

It is to be anticipated that the effect of the secondary motion will be diminished 
or intensified by the downstream periodicity of the primary oscillation. The 
longitudinal vorticity associated with the three-dimensionality of the oscillation 


(i)ax=0 (ii) ax=t7 y=] 




















FicureE 11. Amplitude of w at spanwise position, fz = 47. 


is of particular interest. Therefore we list the relevant fluctuations. They are, 
putting c = 0, 


um = 2A ~ — L,( Y) cos aa 


+ = (42 cosech y —sech y tanh y) YL,(Y) sin aa cos fz 


+ 2u[sech y tanh y sin a2], (6.1) 
v) = 2A[sech y cos xx] cos fz + 2u[sech y cos aa], (6.2) 
w) = 2A[—feosechy YL,(Y) cosax—f(aR)iL,(Y)sinax]sinfz, (6.3) 
ED = 2A —fcosech? ysechy Y? — COs ax 


— B(aR)i — sin aa sin fz. (6.4) 


It is seen, therefore, that w and €® have spanwise maxima where fz is an odd 
multiple of 47. The distributions for w and €, at the position fz = 47, are shown 
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in figures 11 and 12, for different downstream positions. It will be noticed that 
when az = 47, the oscillation will lend support to the vortex distribution of the 
b flow. This corresponds to the convex part of the streamline. When ax = 37/2 
the vorticity due to the oscillation tends to cancel that of the b flow. We shall 
return to this point in the next section. 


(i) ax=ta 


-20 -10 























Figure 12. Amplitude of £ at spanwise position, fz = 47. 


7. Physical interpretation of the results 

In previous sections calculations have been made for the second-order velo- 
cities induced by oscillations of finite amplitude. It is clear that this mechanism 
in which the secondary vorticity produces a spanwise redistribution of momen- 
tum will apply to non-linear oscillations in any parallel flow, although the phase 
relationships may differ from case to case. Therefore, in this discussion, we shall 
restrict ourselves to an interpretation in the case of the profile u,(y) = tanh y. 
Also, in this report we shall neglect the effect of the second and higher harmonics. 

Initially one must expect that the oscillation will be mainly two-dimensional, 
that is ~/A > 1, and so the steady secondary flow will be essentially the 6 flow. 
This b flow induces a steady cellular vortex structure on the motion as indicated 
in figure 6. Momentum is extracted from the viscous region at spanwise positions 
fz = 0, +27, +47, ..., where the amplitude of the u™ oscillation is a maximum, 
and fed back into this region at intermediate spanwise positions fz = +7, 
+37,.... This large-scale exchange process produces an alternate defect and 
excess of x-momentum at these points respectively. In turn it is responsible for a 
spanwise alternate thinning and bulging of the original velocity profile. From 
figure 5, it is seen that this effect should be most pronounced at the outer edges 
of the critical layer, the profile gradually becoming more and more warped. 

This picture is somewhat modified by the primary oscillation itself. The oscil- 
lation is periodic in x and has the same spanwise period as that of the b flow. The 
vorticity distribution of the oscillation is an even or odd function of y according 
to whether ax is an even or odd multiple of $7. Clearly from figures 11 and 12 
this vortex system will tend to reinforce and cancel that of the secondary b 
flow once each downstream wavelength. This vortex intensification will take 
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place when ax = 37, 37, $7,..., corresponding to longitudinal vortices having 
their centres at spanwise positions /z = 47, 37, .... At such points the streamline 
is convex, the maximum cancellation occurring where the streamline is concave, 
contrary to the Gortler & Witting model (1957). This does not mean that the 
Gortler & Witting mechanism is not present, but it does show that there are other 
effects beyond those indicated by their theory. Existing experimental evidence 
lends support to the idea of vortex intensification at the convex part of the 
streamline, as predicted by the present theory. 

If the three-dimensionality of the oscillation increases, then the a flow con- 
tribution to the secondary motion will become more prominent. The extreme 
case for an entirely standing wave oscillation is shown in figure 10. This a flow 
also induces a cellular vortex structure on the motion, the spanwise period being 
7/8. The vorticity is again an odd function of y. However, this motion is unlikely 
to be observed without a considerable b flow contribution being superposed. 

We now trace growth of the secondary motion as the three-dimensionality of 
the oscillation becomes stronger. The secondary flow goes through the stages 
sketched in figures 6 to 10. The original vortices move closer towards the velocity 
defect regions, and much weaker vortices begin to appear outside the critical 
layer near the excess positions. The centres of these latter vortices gradually 
move down closer to the critical layer as the motion becomes more three- 
dimensional. It is to be recalled that the a flow has a dominant potential com- 
ponent Ofa?A2(«R)*}. For the stronger vortices the same periodic intensification 
will be present at the downstream stations az = 47, 37, ...; but in the case of the 
weaker newly formed vortices, which may be difficult to observe, the reinforce- 
ment will be less marked. However, any such detectable intensification should 
now take place at ax = 37, $7,.... 

This longitudinal vortex structure and the associated mechanism of momentum 
transfer produces spanwise alternate excesses and defects in the z-momentum. 
The directions of the a and b vortices is such as to accentuate the spanwise points 
of velocity defect, which should therefore be quite sharply defined at fz = 0, 
+27, +47,.... The c flow adds a two-dimensional defect to the profile at all 
spanwise positions. Although the thinning of the profile should be quite pro- 
nounced, the bulging at the intermediate positions £z = +7, +37,... will be 
more evenly distributed about these points. In fact, as the wave becomes more 
warped, these regions of excess may show a small defect region at their centres. 
These conclusions can readily be seen by referring to the streamline patterns. 


8. Concluding remarks 

In this paper we have used formal mathematical methods to investigate finite- 
amplitude oscillations during the breakdown of laminar flow. It is to be empha- 
sized that while we do not discount ordinary two-dimensional distortions, it is 
felt that in many situations the formation of secondary vortices and the associ- 
ated crumbling of the profile will be more strongly evident. Certainly this 
mechanism must be present to some degree during transition. In recent experi- 
mental literature there is repeated reference to the formation of this vortex 


structure. 
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Clearly the theory presented here could be improved in accuracy by a slightly 
more sophisticated approach. For instance, no account has been taken of the 
small differences in the values of a, «c,, and ac; for the two- and three-dimensional 
oscillations. The difference in amplification rates could have been included very 
easily and is, in any case, compensated for by the disposable ratio ~/A. The dif- 
ferences in « and ac, have been neglected on the grounds that their effects over 
the few wavelengths of practical interest would be small. Indeed. one might 
anticipate that in the non-linear range a synchronization phenomenon would 
occur, similar to that encountered in the study of periodic solutions of ordinary 
differential equations. Another point to be mentioned is that the principal 
three-dimensional mean flow distortion (the 6 flow) is linear in the three- 
dimensional component of the primary oscillation, and so for the purposes of 
calculation any value of £ will yield a typical secondary-flow structure. 

Doubtless the most important practical situation is that of boundary-layer 
transition. Here the Reynolds number depends on the downstream position (as 
opposed to the case of channel flow), and experimentally the waves develop 
as a space amplification rather than as a time amplification. Thus a more realistic 
approach to this problem would be to follow a wave of given frequency (ac real), 
and to examine its amplification with x (« complex). This would require some 
modifications of the present theory. In the non-linear problem one would then 
have a second-order mean flow growing in x rather than in ¢. 

During completion of this work Dr G. B. Schubauer and Mr P. 8. Klebanoff, 
in a private communication, have very kindly forwarded the results of some 
recent unpublished experimental work on a Blasius profile, performed at the 
National Bureau of Standards. Despite the vast difference between the case of 
shear-flow and boundary-layer instability, there is a very distinct agreement with 
the present theory. A theoretical study of the non-linear effects during boundary- 
layer instability is planned in the near future. This will enable a detailed com- 
parison of theory and experiment to be made. 


The author wishes to express his gratitude to Professor C. C. Lin of the Massa- 
chusetts Institute of Technology for his help and encouragement during this 
investigation. The general results in the first few sections of this paper were 
obtained jointly with Professor Lin, and have been summarized elsewhere (Ben- 
ney & Lin 1960). My thanks also to Dr G. B. Schubauer and Mr P. 8. Klebanoff 
of the National Bureau of Standards for several pleasant and informative dis- 
cussions, and to Dr J. T. Stuart and Mr J. Watson of the National Physical 
Laboratory for reading the manuscript. This work was supported in part by the 
Office of Naval Research. 
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The theory of the jet-flap for unsteady motion 


By D. A. SPENCE* 


Graduate School of Aeronautical Engineering, Cornell University 
(Received 12 September 1960) 


Linearized methods developed in earlier papers (Spence 1956, 1961) are used to 
discuss the non-stationary flow of a wing with a jet-flap. We consider a thin two- 
dimensional wing at zero incidence in a steady stream of speed U, with a thin 
jet emerging parallel to the chord at the trailing edge, and study the motion 
following an instantaneous deflexion of the jet through an angle 7. If the 
momentum-flux coefficient C, of the jet is < 4, the governing equations can be 
put in a form in which C, does not appear explicitly, and a similarity solution 
then gives the shape of the jet at small times ¢ from the start of the motion as a 
function of (a —c) u-$t-4, where x = cis the trailing edge and « = }C,. The solutionis 
obtained from a certain third-order integro-differential equation, by constructing 
the Mellin transform of the non-dimensional shape. When t is large the jet near 
the wing approaches the shape given by the known results for steady flow, but 
its shape at distances of the order of Ut downstream changes diffusively under 
the action of the starting vortex. A similarity solution is also found for the flow 
in this region in terms of (2 — Ut) n-4t-#, without restriction to small v7. Expres- 
sions for the lift coefficient at small and large times are found, and the case of an 
oscillating deflexion angle is treated by the same methods. 





1. Introduction 

In a paper published some years ago (Spence 1956; this will be referred to as I) 
the author used the methods of thin aerofoil theory to discuss the flow past a 
two-dimensional wing with a jet emerging from the trailing edge at a small 
angular deflexion 7 relative to the chordline, into fluid moving with undisturbed 
speed U and constant density p. This represents the mathematical idealization 
of a jet blowing over a small flap. Numerical solutions were given in the paper 
for the lift derivatives with respect to the wing-incidence « and to the jet-deflexion 
tT as functions of the jet momentum coefficient C;; more recently (Spence 1961, 
referred to as II) these have been replaced, using an analytic solution of the 
singular integro-differential equation for the slope of the jet, by expansions in 
powers of C, and InC, valid for }C, (= say) less than 1—which range of momen- 
tum coefficients covers most practical applications. 

In the present paper attention is turned to the unsteady motion of such a wing, 
and in particular to that which would follow a time-dependent change in the 
flap-angle 7. This problem can be formulated in linearized approximation using 
the model introduced in I, and the analytic methods of II can be used to obtain 


* On leave from the Royal Aircraft Establishment, Farnborough, Hants. 
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closed solutions of the resulting flow problem in a number of limiting cases. We 
restrict ourselves here to motions in which the wing remains at zero incidence, 
and 7 is a prescribed function of the time t; the same methods could, however, 
be used to discuss more general types of motion—for instance, flight through a 
sharp-edged gust, or following a sudden change of incidence. For such motions 
the theory of aerofoils without jets is well developed, and a synthesis of the 
results found here with those of the classical unsteady aerofoil theory will be 
given later by J. C. Erickson. 

The problem is formulated in § 2 in terms of a distribution of vorticity repre- 
senting the wing and jet. In linearized approximation this is located in the plane 
of the wing, and suitable boundary conditions are applied on the normal com- 
ponent of the velocity induced by it at this plane. In § 2.4 the lift coefficient in 
unsteady flow is expressed as the time-derivative of a certain integral of thestated 
vortex distribution, to be evaluated for particular cases in later sections. The 
derivation depends on the fact that the total vorticity inside a sufficiently large 
contour enclosing the aerofoil remains zero for all time if it is so initially, positive 
vorticity on and near the wing being balanced by an equal amount of opposite 
sign which is swept back at stream speed. This negative distribution is analogous 
to the starting vortex of classical theory, but differs in that it spreads diffusively 
over a growing region as a result of changes induced in the curvature of the jet. 
The constancy of circulation around a large contour cannot be deduced in the 
usual way from Kelvin’s theorem, since in the presence of a jet extending to 
infinity a large circuit surrounding the wing and moving with the fluid could 
deform in such a way as not to close across the jet; but nevertheless it follows 
from the governing equations, as is shown in § 2.3. 

Two particular types of time-dependence have been examined in the remainder 
of the paper: first, that of a sudden change in deflexion, described by 


(0 (<0), 
= ly, (t > ie 


(a non-zero value for t < 0 would be taken care of by the steady solution of IT) 
and second, steady oscillation with reduced frequency 1, i.e. 


(1) 


7(t) = T9exp (inUt/c), (2) 


where c is the chord length. The second is closely related to the operational 
solution of the first and is therefore treated rather briefly in §5. The remarks 
just made about the constancy of circulation in a large circuit do not of course 
apply in this case unless the motion is assumed to have been in existence only 
for a finite time. From the solution of the first case, that for an arbitrary 
transient 7(t) can be written down as a convolution integral, so these two are 
sufficient for a fairly full discussion of the problem. The solution for the sudden- 
deflexion case is developed in detail in §§ 3 and 4 for small and large times, respec- 
tively. For small times, the transformation used in II to introduce the jet- 
strength parameter /« = }C, into the co-ordinates in such a way as to magnify 
the trailing edge region results in a great simplification of the equations, which 
then possess a similarity solution in terms of x/t} when y is small. With the aid 
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of a similar transformation of the co-ordinates in the neighbourhood of the point 
x = Ut it is also possible to discuss the flow at large times, in this case without 
restriction on the value of ~, and again a ‘similarity’ solution is found for the 
downwash distribution over the jet far from the wing. 


2. Formulation of the problem 

We suppose as before that the jet is a thin two-dimensional curved sheet of 
high velocity gas in irrotational motion, with time-dependent streamline boun- 
daries as in figure 1, and are again able to write the pressure difference Ap between 
points immediately above and immediately below the jet, and lying on the same 
normal to the internal streamlines, as the product of the mean local curvature x 
and the jet momentum-flux J. 


J 











FicurE 1. Flow in an element of the jet (schematic). 


2.1. Pressure rise across a thin jet 
This property, first pointed out by Erickson (1959), follows from the fact that 
the normal is an equipotential of the flow within the jet, along which p + 4p, V? 
is therefore constant at any instant, where p, V and p, are the pressure, velocity 
and density within the jet. Hence to the first order in small quantities 
Ap+p,VAV = 0, 

where A represents the difference between the values of a quantity on the upper 
and lower boundaries, and V is the mean value of V across the jet. The condition 
of irrotationality within the jet may likewise be expressed as 


(AV/AR) +(V/R) = 0, 
where R = $AR are the radii of curvature of upper and lower boundaries. Hence, 
eliminating AV, Ap = —(p, V2AR)/R = —«J, (3) 


and in the limit AR > 0, an extension of the argument used in I again shows that 
J is constant along the jet. 


2.2. Linearized form of equations 


The pressure difference given by (3) may be set equal to that in the outside 
stream, in which the velocity potential is (2, y,t) say. Again we linearize the 
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problem by applying the boundary conditions on the line y = 0, and using the 
unsteady form of Bernoulli’s equation, are able to write 


o(;, + Ux) Ap+Ap = 0, (4) 


where Ad(x,t) = d(x, +0, t) — A(x, —9, t). 


Replacing Ap in this equation by (3), and writing the curvature as —Ch)/¢2?, 
where h,(x, t) is the displacement of the jet below the real axis, we then have 


C lias 


a>: (; +0 —\Ad = - pe, 07 (5) 

at Ox Ca? 
the momentum-flux coefficient C, being defined as J/}pU*c. If now the wing 
and jet are represented by a distribution of vorticity on the z-axis, of magnitude 


y(x,t) = (é/ex) Ad, then the downward velocity w(x,t) = —¢,(x,0,t) at the 
axis is related to y as before by 


1 [* y(&, t) dé 
Kwwee§ ESS, ; 
w(x, t) On|) Ez (6) 
but the condition that the flow should be tangential to the jet becomes 
n>: (s+ % -) te {x,t} = w(zx, t), (7) 


where x = 0 and 2 = ¢ represent the leading and trailing edges of the wing. An 
equation of the same form as the last must also be satisfied at the wing, ho(z, t) 
then being a prescribed function describing the applied motion. But as stated in 
the introduction, the present paper is restricted to consideration of cases in which 
the wing is at zero incidence to the stream, and only the jet-deflexion is time- 
dependent. Accordingly, we set 


O<cze<ce: wiz, =6 (8) 
on the wing, and specify the initial slope of the jet by means of 
Cho 


w(c,t) =U (=) x Ur(t). (9) 


The first of these boundary conditions can be absorbed into the integral relating 
downwash to vorticity exactly as in the steady case, IT § 2.2 (this form of refer- 





ence to sections in II will be used throughout), so that (6) is again replaced by 
1 (x—c\t [* E \t y(E,t)dé 
x>c: w(2,t) =—— |— —) 
ioe colts Gas - 


and the problem is now specified on the interval c < x < « by the last two equa- 
tions together with (5) and (7). The latter may be combined, by cross-differentia- 
tion to eliminate and Ag, into a single auxiliary equation between w and y, 


namely , a\2 — 
~+U—) y(a,t) = —43cC, U%{ —) w/z, 0), 
(5+ =) y(x, t) cC; (=) w(x, t), (11) 
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so that (10) and (11) are now the governing equations on c < x < ©, subject to 
the remaining boundary condition (9). To find the position of the jet, as is done 
for small times in § 3, it is also necessary to specify its initial position by means of 
h(x, 0) = 0. Information about this is lostin the differentiation leading to (11), 
so this equation is not used in the short-time discussion; it is, however, the more 
useful form for treating the motion after times long enough for it to have 
become independent of the precise starting conditions. 


2.3. Circulation round a contour far from the wing 


In showing that Ad(x,t) > 0 as x + for all time, it will be assumed for the 
present that sufficiently far from the wing the jet returns to its undisturbed 
position along the axis, so that with increasing x the curvature finally vanishes. 





nce eet 


7, 


( 


FIGURE 2. Successive jet shapes at small times after initial deflexion 
(equal intervals of ti) (schematic). 


Intuitively this seems clear, for if the final position were displaced vertically an 
infinite amount of work would have been done to the fluid in finite time; more- 
over, the assumption will be confirmed from the solutions for the jet shape to 
be found in later sections. To prove the result concerning A¢ we may solve 
equation (4) in terms of Ap in the form 


Ad(x, t) = —(1/pv)| 


max(0, c— Ut?) 


xv 


f-—z 
Ap (s, t+ =) dé +F(x—U?), 


where F is arbitrary. Since this solution holds for all positive or negative x 
and ¢ (although the integrand vanishes when either of its arguments is less than 
zero) the initial conditions show that F = 0. Then if x— Ut > ¢ we can replace 
Ap in the integrand by the jet curvature, by (3), obtaining 


} 2 { f—2x 
Ag(e,t) =—(I[pt) |" «(E04 5") ak 
gz—-Ut \ U 
| €—2' 
If Ket) = max|«(Et+£") for 2-Ut< <a, 


the absolute value of the integral is < (J/pU) Ut K(a,t), and, for a fixed t. 
K(z,t) >0 as 2#—> 00. 
Therefore as stated lim Ag(a,t) = 0, 
«r-—> 
the limit being approached non-uniformly with respect to t—i.e. as indicated 
in figure 2, the larger the time, the further from the wing must one go before 
|Ad(x, t)| becomes less than a chosen small quantity. 
16 Fluid Mech. 10 
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The result can be written in a number of equivalent ways. Using (6) and (10), 


‘co co 
0 = Adg(co, t) = y(&,t)d& = lim 27xw(z, t) -| (-&)'x (€,t)d&. (12) 
OY @r-—> oO c 

It may be noted in passing that the last result in (12) is equivalent to the so-called 
‘Wagner condition’ of classical unsteady aerofoil theory, when with a suddenly 
applied downwash Ua at the wing the integral instead of vanishing would equal 
—7U« for all time. In the absence of a jet y is a function of Ut—z only, and is 
readily obtained in terms of Hankel functions on inversion of this integral condi- 
tion (von Karman & Sears 1938). 


2.4. Lift coefficient in unsteady flow 
The lift force Z on the wing is the sum of the integrated normal presures over 
the chord and the direct component J sin7 of the jet momentum at exit. Writing 
T for sin7, 


L= - | Apae+Jr(e) = = ra | Addz + pUAg(c, t) + I(t), (13) 
0 


using (4) for the pressure difference at the wing. The last term on the right is p 
times the integral of the right-hand side of (5) from x = c to x = ©, so (13) can 
be replaced by the single integral 


C,, = L|kpU*e = (2/U*e) i de(5 + ue ; Ad (14) 
for the lift coefficient. In the transient case in which A¢(0o, t) is zero, the second 
term makes no contribution, leaving 

2 in ‘a [= 
C, = (2/U%c)— | Adda = —(2/U%c)— | xy(x,t)dx (15) 
at Jo at Io 


ie.2) 
on integration by parts. | Ad dx may be identified as p—! times the ‘impulse’ 


0 
of the system. Since the integral equation for y(z,?) has been formulated on 
the interval c < x < ©, it is convenient to eliminate the integration from 0 to 
¢ in (15). To do so, use equation (7) of ITI, to write the vorticity distribution on 
the wing in terms of that on the jet as 





O<2z<ce: y(z,t) = 2 (52) ("GE meee (16) 
Then - fave, t)dz = (GE) 60 Bi ae ae] dé 


and from a well-known result (see, for example, I, equation 66) the integral in 
square brackets is found to equal [£#(£—c)t—£+4c]; combining this with 


[ Ey(é, t)d& and making use of (12) enables one finally to write the lift coefficient 
c 


” ~ (2/0%) 5 SG EME —o)b y(E, t) dé. (a7) 
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3. Sudden change in deflexion: small-time solution 

In this section a solution valid for small times will be found for the first case 
mentioned in the introduction, that in which the wing is at zero incidence through- 
out, and at ¢ = 0 the angular deflexion of the jet at the trailing edge changes 
instantaneously from 0 to 7). The motion in the region x > c is then described by 
the equations of § 2.2, subject to the boundary conditions 


ho(c, t) = ho(x, 0) = 0, (=) = T,. (18) 
CL } x= 

Physically one might expect the jet to deform somewhat in the manner indicated 
in figure 2, and a similarity solution showing this behaviour can in fact be found 
for its shape near the trailing edge. As a preliminary step the governing equations 
may be simplified, provided the jet-strength parameter ~ = }C;, is sufficiently 
small, less than } say—this is not a severe restriction on C,—by absorbing u 
into the co-ordinates near the trailing edge. As in II, write 


h(x, t) = uct o(x/c)-* h(x’, t’), 
y(x,t) = 2U9(x/c)-4 g(a’, t’), 


(19) 
_ ee . 
where f=a-—, Fa—, 
bc yc 
and excluding terms of order , equations (5), (7) and (10) become 
a 1 20 , } gt , 
heeok bee, (20) 
ot’ Ox 7 Jo \E f’-x 
3 
I, (21) 
ot’ Ox ox’8 
with boundary conditions derived from (18) 
h(x’, 0) = h(0,t') =0, h,(0,t’) = 1. (22) 


If t’ < 1 an approximation to these equations may be made by omitting the 
derivatives with respect to x’ on the left-hand side of (20) and (21), since they are 
smaller than those with respect to t’ except at points so close to the trailing edge 
that x’/t’ = O(1). Cross-differentiation of the approximate equations gives 








1 (°(2'\* hege dé’ 9 

A similarity solution for (23), satisfying the boundary conditions (22), is found 
by writing h(a’, t’) ts t'3 f(a /t’8) = t'§ f(z) (24) 
say, when the equation becomes 

f—'-22p" = -(9]2n)[" (2) FOS. (25) 

o \$ C-z 

The first boundary condition is automatically satisfied and the remaining two 
vaaees f(0)=0, f"(0) = 1. (26) 


16-2 
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The solution for this equation is found in §3.1. The existence of the solution 
justifies a posteriori the omission of the x’-derivatives from (20) and (21), since 


(0/@a’)/(6/ét’) < O(t') <1 


for small t’. The solution is not, however, uniformly valid, but applies only when 
x’ /t’ < 1; when the reverse inequality holds the time derivatives disappear from 
the equations, leaving the equation for steady motion that was solved in II. 
The latter therefore correctly describes the singular behaviour of the vortex 
distribution very close to the trailing edge, with validity in a neighbourhood 
that grows linearly with time. 

Equation (23) can also be derived in another way which displays its region of 
validity more clearly. Ift = t’ and y = a’ —t’, say, are treated as the independent 
variables, ¢/ct’ + ¢/Cx’ is replaced by ¢/ct, and ¢/¢x’ by 0/¢y, so that (20) and (21) 


oh 1 (*(ytt\*g(y,t)dy eg Oh 
y+t at e 


become 


ot 7 


4 n—-y ° ct oy 


For small ¢ the first of these can be approximated provided y/t > 1 by setting 
= 0 in the kernel and at the lower limit, after which (23) is recovered on cross- 
differentiation. 
3.1. Similarity solution for the jet-shape 
Equation (25) may be solved by the method used by Lighthill (1959)—see 
also IT §3.2—for the basic equation of steady motion. Write 


fe=— ) OF (8) ds (21) 


270 c—ico 


oe) 
for some real c, where F(s) is the Mellin transform { z8—1f(z) dz. Differentiation 
0 


gives 
ore .¢t ongem _ 1 [tte /(2e4+2\ (28—-1\___, 
Gy —2f — 227f ) = si | (==) ( 3 « Sh (s) ds, 


c—iw 





] ct+ioo 
mu = — 2~*-33(s + 1) (s + 2) F(s) ds. 
frase [ ee e+ 1) (042) F 0) 
If s(s + 1) (s + 2) F(s) is regular in the strip c—3 < &s < c, the contour in the last 
integral can be changed to #s = c—3, whence on writing s —3 for s the integral 
becomes 


<—e mil. 77e- 3) (s — 2) (s—1) F(s —3) ds. (28) 


Then, using the res 1 (%/z\? 6-9 

Then, using the result [ ( _ a 
4 

which holds for |#s| < 4 to evaluate the Cauchy integral in (25), we obtain the 

functional equation 


Qs Mi = _ 
re 


/ 


7 Jo 


F(s) = (s—3) (s— 2) (s — 1) (tan zs) F(s — 3), (29) 





pr 


wh 


Cle 


wh 


ion 


—see 


(27) 
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(29) 
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provided |c| < 4. To simplify the equation write F(s) = P(s) Q(s) where 


(sin 3) (sin n>) 
P(e) = (s—1)! 3 3 


23 42)! oe ? 
alld’ (sina) 


bol 





(30) 


when it becomes 


Q(s) = — (tan 7s) Q(s — 3) = . n>) (tan 7’) (tan 7 *) Q(s—3). (31) 


Clearly one solution of (31) is 


Y a5 at 


where G,(s) is the Lighthill function defined in IT (equation 38), which satisfies 
G(s) = (tanms) G)(s—1), G (0) = Go(—4) = 1, (33) 


and has poles of order n at s = —n and at s = n—}4, where n is a positive integer. 

The general solution must be ‘’(s) multiplied by a function of period 3, and 
to decide whether any such further factor is necessary we must see whether the 
conditions imposed on F(s) in deriving the functional equation (29) are satisfied. 
The function P(s) has a simple pole at s = —1 with residue ? and is otherwise 
regular in Zs < 4, the remaining poles being those of cosec 47(s — 3) ats = 3n+4 
(n = 0,1, 2,...). The three factors of ‘’(s) have simple poles at s = —2, —3, —4 
and at §, 3, 4, respectively. Therefore if we choose 0 < ¢ < 4, 

8(s + 1) (s + 2) P(s) ¥(s) 
is regular as required in the strip c—3 < Bs <c. 

Finally, F(s) must be integrable as |.%s|->0o on &s =c in order for the 
integral (27) to exist. It was shown in II §3.3 that G(s) ~ exp(—47|.%s|), so 
by (31) ¥(s) ~ exp (—47|.4s]). 

Also P(s) ~ exp (477|F4s}). 





The product of these factors ~ exp(—47|.%s|), and the inclusion of a further 
periodic factor would either introduce poles into the strip c—3 < Zs <c or 
prevent the convergence of F(s) as |.%s| > oo. Therefore the solution is com- 


pleted by writing Q(s) = AY¥(s), (34) 


where A is a constant to be determined from the second boundary condition (26). 
(The first has been satisfied by choosing P(s) regular at s = 0.) Since 


es I oN AF (e)2-*-de, 


2710 Je—ico 


the first term in the expansion of f’(z) for small z is the residue of —sF(s) at its 
pole at s = —1. The boundary condition is therefore satisfied if F(s) has residue 
1 at this point, where P(s) has a simple pole with residue ? and 'Y(s) is regular. 


Therefore 4 


~ 3¥(—1) = $1G(—§) Go(—3)}-". (35) 
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3.2. Lift coefficient 
Inserting the co-ordinate transformation (19) into the expression (17) for the 
lift coefficient, we obtain 


C, an dro pt wy |, Sa E2g(E 


This may be evaluated from the solution of the last section, since g/ét’ = — 0°h/éax’3 
in the small-time approximation; thus in terms of the similarity variable defined 


by (24) 
C, = trout -3[ zbf"(z) dz. (36) 


To evaluate this expression invert (28), obtaining 
ce 
I zs-1f"(z) dz = —(s—3) (s — 2) (s—1) F(s—8). 
0 


The required integral is the value of the right-hand side when s = 3, namely 
_ 3)! (=sin 37) (—sin 67) Go(—§) Go( — 8) 
(—3)!(—sin§a) — (3) @o(—§) @o(— 3) 
Since G(s) = Go(—4-—s), (by II, equation 35), Go(—4) = G,(—34) and 
Go( —§) = (cot $77) Go($) = (3 Go( —§), 

879(7)? 
3(-3)! 

Thus in a sudden deflexion the lift force is infinite initially. Physically this 
implies that an infinite rate of working is required to start the motion impulsively. 


If the deflexion were described more generally by some function 7(¢) the lift 
coefficient for small times could be written as a Stieltjes integral 


so that finally C= 





4 
t’-} = 3-49057,u8 (=) : (37) 


U\-3 pro 
C,, = 349058 (<) i (t—u)-tdr(u), 
0 


showing that infinite values of C;, occur only if dz/dt is singular at t = 0, as is 
the case with the delta-function representation of equation (1). 


3.3. Jet shape 


The shape of the jet for small and large values of z is found by moving the contour 
&s = c in (27) over successive poles of the integrand. The residues are evaluated 
in the same way as in IT §3.4 using the properties of the G, function listed 
there. Those at the poles s = —n, where nis a positive integer, give the expansion 
for z < 1, and those at s = n—4 that for z > 1. The double pole at s = 4 produces 
a logarithmic leading term in the asymptotic expansions 





2 — or res 7, tO(z*Inz) for z<1, 





| (38) 


1 
37° 
| 3 : 2 22 Inz | 
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(37) 
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_yt+3 4 


where 7 a 0-3689, 


y being Euler’s constant. The function f(z) is plotted in figure 3, the neighbour- 
hood of z = 1 having been supplied by eye, and plots of 


h(a’, t’) = t4f(a'/t’4) 


confirm that the shape of the jet for small times is as indicated in figure 2. In 
physical co-ordinates the leading terms are 





| a’ +O(x'2/t’#) for 2x < #i, 


h(x, t) = , 39) 
(2,1) : (Finz’) for 2x > #3, oF 
(772')3 7 
a i 
7 j 
| 
6 | 
| 
| 
i 
f(z) f 
0-4>- 
0:2 
| l | i i l l l J 
0 2 } 6 8 10 








FicureE 3. Non-dimensional shape-function f(z) for small times. 


according to (38), but in fact, for 2’ <t’, the steady solution of II in which 
h(x) = x+O(x?Inx) should apply; the term of order x’2/t’# in (39) is valid only 
when t' <2’ <?t'. 


4. Sudden change in deflexion: large-time solution 


When the time from the instant of jet deflexion is long, the flow in the neigh- 
bourhood of the wing approaches that described by the steady solution of IT. 
The integral of the vorticity on the wing and in its neighbourhood therefore 
approaches the value I’,, = 4UcC,~) say, where C, is the lift coefficient in steady 
flow with the final deflexion. But since the total circulation about the system, 
Ad¢(0o, t), is zero initially, it remains so for all time, a balance being brought about 
by negative vorticity which is swept downstream and causes the jet far from the 
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wing to deform as indicated in figure 4. After a sufficiently long time, this nega- 
tive vorticity acts on the wing as would a line vortex of magnitude —T,, at a 
distance Ut downstream, producing a downwash [’,,/(27Ut) at the wing. This 
is equivalent to a reduction in incidence of amount (c/47Ut) CY. In the opposite 
direction, at distances large compared with Ut, the combined distribution is 
seen as a doublet of strength —T,, Ut at the origin. 


Shapes derived from 
‘long-time’ similarity 
“=. distributions 
AN 


ls. 








Final position in steady flow 
FiGuRE 4. Successive jet-shapes at long times from start (schematic). 


4.1. Final‘form of the jet far from the wing 
To discuss the flow mathematically, we may write the distributions of vorticity 
and downwash as 


Y(%,t) = Yoo(X) + Wily, t), 

w(x, t) = w,(z%) + u,(y, t), (40) 
where y = x—Ut, 
Y.(v) and w,,(x) being the distributions in steady flow with deflexion 7,. The 
Wagner condition Ad¢(0o, t) = 0 is 


o=["(e2) nenag=rit f” (eee) ninnan 


by (12), and subtracting the corresponding steady equations (II, equations 8 
and 5) from (10) and (11), the equations connecting w, and y, are obtained as 


ilies ("* ore) (24 pe iran da 
va 2n\ y+Ut e—-ut\n + Ut—c n-Yy 
O*y Ow 
= all ad Bye . (41) 


From these it appears that for large t, y, and w, approach the functions y,(y, t) 
and w,(y,t) say, which satisfy the equations obtained by allowing ¢ to tend to 
infinity wherever it occurs explicitly in the last three equations, namely 


[ Yo(7, t)dy = —Ty, (42) 
__ 1 [? Yol9,t) dy 
and WY; t) Fai on ‘¥ i n-Yy ? (43) 
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respectively, together with (41) which is unaffected. Note that two separate 
steps have been made in deriving (43): first, the kernel 


(ee: n+Ut \3 
y+Ut »+Ut-c 


has been set equal to unity, which is equivalent to disregarding the boundary 
condition w,(y,t) = 0, — Ut < y < —Ut+c, obtained from (8), and is justifiable 
provided w,(y,¢) is small enough on this interval for large t; secondly, the lower 
limit of integration has been changed from the trailing edge y = —Ut+c to 
y = —0, which is justifiable provided yp (7,t) dies out sufficiently rapidly for 
large negative 7. The solution found below is shown in § 4.3 to meet both these 
requirements. 


4.2. Similarity solutions for the downwash distribution 


The last three equations can be solved for y) and wy in terms of a similarity 
parameter proportional to y/t?. As in the small time solution the jet strength 
parameter . = }C; can be adsorbed into the co-ordinate system, but by contrast 
with that case there is no need here to restrict 4 to small values, since the trans- 
formed equations are exactly independent of ju. 








Write 
, pect’ 
y=pey’, t=o- 
ies 12 
and set Voy: t) = —t'-39(z), 
il > (44) 
ae 
wy, t) = Que’ 5f(2), 
where z=y' /t's. 
Then equations (41) to (43) become 
Tyg + 22g’ + $29" = —f", (=) 
io @) 
| g(f) dg = —1, (46) 
1 6? g(f)ag 
la | fee, 7 
and f(z) i = (47) 


To solve these equations by the Mellin transform technique used earlier, we first 
change to the semi-infinite interval 0 < z < 0 by defining for z > 0 


fle) = nth 
re .. oo 
fa(z) = f(z) +43f(-2), (48) 
91(2) = 39(2) + 39(—2), 
(z) (z) 
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Then, for z > 0, f, is related to 9,, and f, to g, by (45), and the two remaining 





equations become 00 co 
[aac=-3, [oleae exists (49) 
0 0 
22 (°91(S)d6 
and fil2) = -_ [, C2 (50) 
oy — 2 (? Sold) ds ‘ 
f(z) = -=f C-2 = (51) 


The solution of (50) is carried out in the Appendix, and it is also shown 


that the only solution of (51) such that |" 90) d€ exists as required by (49) is 
the trivial solution ” 

fo(2) = go(z) = 9. (52) 

03,- 


02 


0-1 











Figure 5. Distributions of downwash (f,) and vorticity (g,) from long-time solution. 


Therefore, for z > 0, f(2) =—-f(-2) = fiz), 
69 
9(2) = 9(—2) = 9,(2), 
and the solutions for f(z), 9,(z) found in the Appendix are 
22 (4nt+l\y 2rtt 
eck AO=—3 3B (-(AMeon ae (54) 
2 2 4n—1\} 2” | 
Senne ace Say pee | ee 
nl) =— 3, U(-) ( 3 oe 
1 3 /m 315 /a 
— fle)~-\l+z 92 * Gaz Bet a 
(55) 





ee ee 
A 422, J2nz\ ' 2./2mz 4828" "J" 

The two latter are the leading terms of asymptotic expansions in which the full 

series are divergent for all z > 1. These functions are plotted in figure 5. 
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4.3. Limiting forms of the downwash distribution 
It is easy to confirm from (55) that the downwash at distances 2 > Ut from the 
wing has, as expected, the distribution produced by a doublet —I., Ut at the 
origin, since for large positive values of y = x— Ut, from (44) and (55) 


lr. ‘ j n | 
Wy = — r-as(4) ~ —-——_ = — a —— 
2c t's 2mpcy 2m(x — Ut) 
whereas w,, ~ [),/272, so that altogether 
: ra 4 lr, Ut 2 ¥ 
re ) aw — Jf -— — a ——  —- CLUYH — 56 
x> Ut: w(z,t) ~- (~ = ri) nat + (5) ; (56) 
The leading term is that produced by the stated doublet. The equation also shows 
that the jet shape sufficiently far from the wing will be undisturbed at any given 
time, thereby justifying the argument used in § 2.3 to show that 
lim Ad(z, t) = 0. 
r-—> co 
Close to the wing, on the other hand, y = x— Ut ~ — Ut, in which case we find 
in the same way 
tt mano, 57 
Tre % 2nUt -) 
The last two results could of course have been written down at once on the 
physical grounds mentioned at the beginning of §4, but the mathematical 
discussion is unavoidable if one is to seek higher approximations in 1/t to the 
flow near the wing. The fact that the downwash due to yp dies out at the wing 
like 1/t justifies the first step in forming equation (43), and the justification for 
the second step follows from the fact that the contribution from the tail of the 


Yo distribution, namely ro Yo(y. t) dy 


—0oo 7] —_ y 
behaves like 


4 Ut p-Ut mk OU 
_ 8E,(ue) =| mL ol (=) in| (58) 
4(27)8 Jw (—m)8(y—Ut+z) c x 


for large ¢ (using the asymptotic expansion for g(z)), and consequently is an order 


of magnitude smaller than the leading term. 


4.4. Lift coefficient at large times 


To discuss the flow near the wing at times t > c/U say, we may expand the time- 
dependent part y,(y, ¢) of the full vorticity distribution, equation (40), in the form 


V(x — Ut, t) = y(x, t)—Yo(%) = Yoly, t) — Fyre) +0( 7) (59) 


say, for x < Ut. The corresponding downwash is 


wy = w(e, ft) — w(x) = woly,t) + 77, Wale) + o( mi) 
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say, where W,(%) = -* | i, (60) 


Then since both wo, 7) and w,,, Y.. satisfy (11) separately, on equating terms of 
order 1/t in that equation we find 


Yalu) = — 400, wy(a. (61) 


The condition that the downwash w, vanishes over the wing (where w,,(x) is 
also zero) is, to order 1/f, 


c eft : 
O0<2z<c: gt Fs = Ti (2 +uy) = 0. (62) 
The last three equations show that w,(x) is precisely the distribution of down- 
wash in steady flow past a wing at incidence « = —I,/2m7cU with a tangential 
(i.e. undeflected) jet at the trailing edge, and from the results for that problem 
(see I or II, or Thwaites 1960, pp. 500 et seq.) we can deduce in particular that 


[7 (€)d& = — 1V00( —C (63) 
Pike S 2 7 a) ie ‘ 
eC? /ex being the lift derivative with respect to incidence for the value of C, 
in question. From equation (13) it is seen that to order 1/¢ the lift coefficient 
differs from CY only by reason of the contribution of y,(x) to (A¢),—,, which is 
c/Ut times (63); thus since 


a =—I),/2acU = —Cp/4n, 


C : 1 ec?) Cc Cc 2 
os =~ an (ea +) (ta) (a): 


For small values of C;, eC) /da —> 27, so in the limit we recover the result 
C,/Ce = 1—c/(2Ut) +... 


of the classical unsteady aerofoil theory for a sudden change of incidence. 

From (58) it appears that the next term in the expansion will be of order 
t-3In¢; to calculate this however it would be necessary to derive an expression 
for y)—y, far from the wing and this has not been attempted. It is possible to 
show that C,/CY = 1+O(c/Ut) simply by inserting the limiting distribution 
yoly,t) in the integral (17), since the contribution from y,,(x) disappears on 
differentiation with respect to t, but the precise coefficient of 1/t cannot be 
found by this means. 


5. Oscillating flap-angle 

In this section the solution of the problem presented by a steady harmonic 
variation of the initial angle 7 will be outlined. For simplicity it will be assumed 
that ~ = }C, is small enough to permit the co-ordinate-stretching transformation 
which renders the equations independent of y to first order. We set 


T(t) = Ty einUtlc (2) 
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and seek a solution ho(x,t) = per, e*U"" (a/c) h(x’), | 


Y(@,t) = rye (xJe)-4 g(a’), 
where as before a ea oe, | 


Then excluding terms of order and omitting the primes, (5), (7) and (10) become 


© /a\t o(L) de 
ivh+h' = -5I. (; : me (66) 
and igt+g’ =—h", (67) 
where v = yn, and the boundary conditions are 
h(0)=0, A’(0)=1. (68) 


Iterative solutions to these equations can be found in the cases vy < 1, vy > 1, 
which we now treat in turn. 


5.1. Low-frequency oscillation 


If v < 1, which is the case for small y if the physical reduced frequency n is of 
order 1, the first approximation is found by setting v = 0, when the basic steady 


equation © fa EBL dE 
Lh'(x) = h'(x)- =| (7) h'(6)dé =@0, K(Q@)=1 (69) 
7 Jo \S, fad —F 


studied in II is obtained. The solution will be denoted here by h,,(x) so that in 
the notation of IT 

; 1 

W-(ae) = fol) = 


271 


| ~~ 2-8(3—1)! G(s) de, 
c—iw 

G(s) being the Lighthill function defined by equation (33) of the present paper. 
Since h,,(0) = 0, 


hala) =| folé)de. (70) 
J0 
Putting this back in (66) and (67), we can write 
h(x) = h,,(a) +ivh,(x)+..., (71) 
where h,(2) satisfies h,(0) = h{(0) = 0, and 
iti 2 (2° (2\Fhe(é) dé on 
Lh}(x) = —hele)—= | (7) €-a2 . (72) 


By the methods of IT §3.5 the solution is found to be 


The first term in (71) represents a slow oscillation of the basic steady solution, 
and the second a small correction 90° out of phase; this will be modified in turn 
by higher terms. The solution is not valid for large x, since h,,(x) ~ 2(x/m)? and 
the term vh which is excluded in forming the first approximation dominates 
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over that retained if we go far enough from the wing. Moreover it is physically 
unrealistic to imagine the jet oscillating with an amplitude that tends to infinity 
far downstream. In fact since the motion must have started at some large nega- 
tive time —7', at distances of the order of UT’ from the wing the jet will be 
described by the long-time transient solution of § 4. 


5.2. High-frequency oscillation 
In the other excreme case, v > 1, a first approximation ho\x) say is obtained by 
omitting h’(x) and g’(x) from (66) and (67), respectively, leaving the equation 


—vho(x) = + {(@) ho (5) ds (74) 


7 Jo \S =a 


with boundary conditions given by (68). In the same way as the low-frequency 
oscillation is closely related to the long-time solution, this case is related to the 
small-time solution: in fact (74) differs from the equation satisfied by the Fourier 
transform of the jet-shape for small times only in the absence of a term g-(§, 0) 
from the numerator in the integrand, arising from the initial value of the vor- 
ticity distribution. The solution of (74) can be carried out by the method used 
in §3, and we find : 


3 3 


where f(s) is the product defined by (32) and A the constant 4/3'V'(— 1) given by 
(35). ho(x) is therefore v-i times a function of viz. 
In this case the expansion can be continued by writing 


Hs) = [2 Mi(e) de = — Av-4e40(6—1)1(sin FZ) (sin =F") WE), (75) 
0 





h(a) = ho(x) + iv-th, (x) + i: (76) 
g(x) = go(x) + iv—4g,(x) +..., 
where h, and g, are given by ‘ ‘ 
,_ _ we (°(x\? gy() ds 
_ vith, +h, = 2 (;) A(s)ae 
, w Jo\G/ §-# 
—vig, +99 = —iv-thy (&). 
These equations may be combined to eliminate g, in the form 
1 (2% /a\? hy (E) dé y-¥ (© /x\? hGv(E) dé 
| re pet) ae Fe WE ask eee se] Vea AR bet 
rhs |, (:) f-2 iho WT JO (:) g-x 
= 2vthi(2). (77) 


(The last step follows on differentiation of (74), since 
[etarw@ag = @ev(-p = 0) 


The solution of (77) can be found by the same methods; again we find a third- 
order difference equation for the Mellin transform 


His) = [oem dx. 
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The equation is not homogeneous like (29), but has a term from the right-hand 
side of (77) involving H,(s—1), and after some analysis which will be omitted 
here, the solution obtained is 


(cosec 3) (s +1) (cos n>) - = (sin n>) H,(s). (78) 


5.3. Lift coefficient with an oscillating jet 


H,(s) =- 


Wi bo 


Equation (17) which gives the lift coefficient in terms of the vorticity distri- 
bution on the jet depends on the fact that A¢ tends to zero far from the wing. 
This holds in a steady oscillation too, if it is assumed that the motion started 
at some large but finite negative time —7’, in which case the flow remains 
undisturbed at distances from the wing that are large compared with UT. In 
the low-frequency case however the equation cannot be applied directly, since 
when the expression for the transformed vorticity g(a’) obtained from the 
analysis of §5.1 is inserted in (17) the integral in that equation is divergent. 
This is because of the invalidity of the solution for large x’ that was mentioned 
earlier. To get round the difficulty we now obtain an expression for C;, in which 
the lowest order terms in ~ can be found as finite integrals of g(x’). Equation 
(13) can be rearranged to give 


2 fe 20f¢ 
C.= Ge) NENAE+ Gace [ C—O Ede +070. 


Using the identity (16) to replace the integrals from 0 to c by integrals from c 
to oo, we obtain 


con Bl Uc) apeoa 


‘an f (2) +2(&) -2(8)'(&) | nenag+o,rt, (79) 


Inserting the expression (65) for y(&,t), this becomes simply 
Cr, = Arayh etnte(1 4) { “etg eae’ + (ny (80) 


If nis of order unity, v is of order 4 and the low frequency solution of § 5.1 applies. 
g(&) is equal to fo(é) and the integral in (80) is therefore known from II to be z?, 


whence C,, = 47,(mu)* exp (inUt/c—e), as 


where the phase angle e = tan! (4n), showing that the lift coefficient oscillates 
with a phase lag increasing with frequency about the value 47,(7)* which 
corresponds to a steady deflexion 7). The effect of the higher-frequency terms 
will be to change both phase and amplitude by amounts of order vp. 

In the high-frequency case, on the other hand, the difficulties with the integral 
in (17) do not arise. Substituting from (65), the expression for the lift coeffi- 
cient is found to be 


eo 
Cy = —A4pbrgeinote | Ehing 6) ds. 
0 
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The first approximation to ivg(£) is —hg(§), on insertion of which the integral 
may be evaluated as 2H,(— 3). yielding the expression 


Cy = 474(mp/3)* vi ein Ute, (82) 


This shows the amplitude to be frequency-dependent in a way that fits neatly 
° 1 . ° ° ° ° ‘ 

with the ¢-s dependence found in the related short-time discussion of §3.2. and 

also that the phase-lag has decreased to zero. 


6. Discussion 

The analysis shows that a first approximation for small times to the flow with 
a suddenly deflected jet can be found in the ‘similarity ’ form used in § 3. The same 
solution can also be found by writing equation (23) operationally in terms of the 
Laplace transform with respect to time. The author has not found a way of 
improving this solution by a higher term, as was done for the high-frequency 
oscillating case in §5.2, on account of its invalidity near x’ = 0. The conclusion 
that the lift-coefficient varies for small times as ¢-} would not be altered by a more 
exact analysis, since there is always a region to which the similarity solution 
applies. The lift coefficient comes entirely from the apparent mass terms in the 
limit, and it appears that the force required to deflect the jet impulsively must 


be infinite. The ‘impulse’ of the fui | Ldtis however finite (and zero initially). 
0 


It may be noted that the long-time solution for the motion far from the wing 
is independent of the precise way in which the flow was started, depending 
only on the total circulation in the final steady flow near the wing and therefore 
on the final deflexion of the jet. This solution would also apply if the wing were 
at incidence. The similarity solution for y)(y,t) found in § 4 actually describes 
the way a jet extending from y = —« to y = +00 would deform if at time ¢ = 0 
it lay wholly along the axis and a vortex of magnitude —I’,, was concentrated 
at the origin. 


I am grateful to Professor W. R. Sears and Mr J. C. Erickson for calling my 
attention to the problem and for many helpful discussions, and also to Mr 
Erickson for verifying the analysis in the manuscript. This work was carried out 
under the sponsorship of the Mechanics Division, Office of Scientific Research, 
USAF (Contract AF 49(638)-544). 
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Appendix. Integral equations for the downwash far from the wing 


The equations derived in § 4 connecting f, (the anti-symmetric part of the down- 
wash distribution) and g, (the symmetric part of the vorticity distribution) are 


2x (~9,(8) dé 

and (59, + 9ag) + 2x2gi) = —f 7, (A 2) 
00 
with the condition [ gi($) dé = —4. (A3) 
J0 
To solve we construct the Mellin transforms 

oa) (oO 

Fs) = [ wlf(x)de, Gy(s) =| 21g,(x) da, (A4) 
a 0 J0 





from which on inversion f, and g, will be found as 


1 c+ico l ct+ia 

fila) = 5 [ F(s)a*ds, g(x) =5— [ G,(s) ads, (A5) 
28 J e—ice 278 J e—ico 

where c is some real constant such that x*—!/,(x), x—!g,(x) € L(0,00). Since, 

provided |Zs| < 1, ’ 

' 718 : 

—, = 2 *tan—, (A 6) 


we obtain from (A 1), multiplying both sides by z*— and integrating from 0 to 0, 


F,(s) = (tan 478) G,(s), (A 7) 

provided —1 <c < 1. Differentiating (A 5), the left-hand side of (A 2) becomes 
, C+t8 

ree [ wi $19 — 98 + 28(s + 1)} G(s) a-Sds (A 8) 


and the right-hand side 


; | (-s)(-8- 1) (—s—2) F(s)a-*-3ds. 


2mi Jc—ia 
If s(s + 1) (s + 2) F,(s) is regular in c—3 < &s < c, the contour of integration can 


be moved to #s = c —3 in this integral. Then writing s — 3 for s it may be rewritten 


wat ["e—3) (s—2)(s—1) F(s—3)a-sds. (A9) 


2m Jc—ix 
Equating the integrands of (A 8) and (A 9), and using (A 7), we get 


(=) (>) G,(s) = —(s—1)(s—2) (s—3) (cot 3s) G,(s—3). (A 10) 


Writing G,(s) = (- : *)| (s—1)! 4(s), (A11) 


the functional equation is simplified to 


(sin 37s) A(s) + (cos 47s) d(s — 3) = 0. (A 12) 
17 Fluid Mech. 10 
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One solution is d(s) = A cos 4s, (A 13) 


where A is constant, and the possibility that this would be multiplied by some 
further function of period 3 is excluded by the same type of argument as used in 
§ 3, since already ¢(s) ~ exp (—47|4%s|) for large |.7s|, so this is the only solu- 
tion. A is fixed from (A 3), since 


00 9 
[ g,(€)d& = G(1) = Alim (-=")| (cos 3) = —. 


0 s>1 “ 
The limit is 37, so A = — 2/37. Therefore 
Fi(s)\ _ 2 2s+1 cos) 778 
Ho) -(2)(22 lenge 


and s(s+1)(s+2)#(s) is regular as required in c—3 < &s < cc if we choose 
0 <c < 1. The inversion formulae (A 5) can now be used to obtain series expan- 
sions for f,(2) and g,(2). 

For 0 < x < 1 the integrals are evaluated by moving the contour to the left 
over successive poles, namely those of (s— 1)! (sin 477s) = 27/(—<s)! (cos }7s) and 
of (s — 1)! (cos 7s) = 27/(—s)! (sin $78) at odd and even negative integers, whence 


2 32 4n+1 gent 
See eae = ESE IEE 5 5 
flv) =—37 U(-)) ( 3 eee alla 
2 2 4n—1!\9 x2 
and 9x(2) = 37 Pa se 1} (==)| (2n)! e (A 16) 


These series are absolutely convergent for 0 <2 < 1. 
Asymptotic expansions are obtained as minus the sums of residues at the 
poles of {— (2s + 1)/3}!, ie. s = 1, 3, 4, ..., to the right of Zs = c: 


File) 1 2 ¢_ 4), Sin| (3a-1) (482-3)! yon 
gy(e)) ~ mo! : cost ( 4 n) (n—1)! x28) +o(4?) = (A 17) 


with the leading terms quoted in § 4. 

In exactly the same way as above, the equations connecting the symmetric 
part f, of the downwash distribution and the antisymmetric part g, of the 
vorticity, namely 


2 » Ege(&) dg 


fo(x) 7 Jo £2 Be x (A 18) 
together with (A 2) with changed suffix, can be solved to give 
2s+1 . 718 
G,(s) = B(-=3-)| (s—1)! (sin 5): (A 19) 


But since {—4(2s+1)}! has a pole at s = 1, the other two factors being unity 
@ 

there, the requirement that G,(1) = | g_(&)d& should exist can only be satisfied 
0 

with the trivial choice B = 0, i.e. 


f2(%) = g2(x) = 9. (A 20) 
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On the behaviour of liquid dispersions 
in mixing vessels 
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The present paper is concerned with the conditions of flow in tanks containing 
stirred fluids. An attempt is made to apply the theoretical concepts of local 
isotropy to explain the behaviour of liquid in liquid dispersions, subjected to 
turbulent agitation. Relations describing quantitatively the influence of turbu- 
lence on both break-up and coalescence of individual droplets are derived and are 
compared with experimental evidence. A special type of dispersion is described 
in which droplet size is controlled by the prevention of coalescence due to 
turbulence. The dependence of droplet size on energy dissipation per unit mass, 
as predicted by the theory of local isotropy, is put to an experimental test using 
geometrically similar vessels of different sizes. 

Though the results are not entirely conclusive, experimental evidence suggests 
that the hypothesis of locally isotropic flow may be applicable to the flow con- 
ditions described in the paper, and that statistical theories of turbulence can be 
of practical value in estimating droplet sizes in agitated dispersions. 





Introduction 


The mixing or agitation of fluids in cylindrical tanks is a common operation 
in chemical industry, and as such has been studied extensively. A wide variety 
of agitator designs is used, while conditions of flow may vary from laminar flow 
to fully-developed turbulence. The following discussion is limited to turbine 
agitators and conditions of turbulent flow only. 

The behaviour of liquid-liquid dispersions in such tanks is of special interest. 
If two immiscible liquids are agitated, a dispersion is formed, in which continuous 
break-up and coalescence of droplets occur simultaneously. If the agitation is 
continued over a sufficiently long time, a local dynamical balance between 
break-up and coalescence is established. The average size of the droplets at 
equilibrium will then depend on the conditions of agitation, which affect the 
dispersion in several ways: 

(a) droplets will be broken up in regions of high shear stress near the agitator 

blades; 

(6) turbulent velocity and pressure variations along the surface of a single 

droplet may cause break-up; 

(c) the turbulent flow may accelerate or slow down the coalescence of the 

droplets. 

In an actual dispersion all three processes occur simultaneously. Break-up in 


17-2 
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regions of high shear stress should be important in very dilute dispersions, and 
in cases where coalescence is negligible. In cases in which coalescence is impor- 
tant, the influence of the local turbulent flow on the equilibrium state of the 
dispersion should predominate. 

The phenomena mentioned under (b) and (c) are on a microscale, and the average 
droplet size of the dispersion is determined by what happens in a very small 
volume of fiuid around the individual droplet. Thus the direct influence of the 
large-scale flow may be comparatively small. Now, a hypothesis put forward 
by Kolmogoroff is that, if the Reynolds number of the flow is high, the statistical 
properties of the flow-field in a very small volume of liquid can be estimated from 
a concept of local isotropy. The possibility of applying Kolmogoroff’s theory to 
predict the droplet sizes in such dispersions is investigated here. This investiga- 
tion should be of wider interest for the study of locally isotropic turbulence in 
general, especially as conditions of flow in stirred tanks allow the realization of 
very high degrees of turbulence. Such conditions are hard to obtain in wind 
tunnels. 

A rule for the scaling-up of mixing plants from experimental results on the 
basis of a criterion of specific power input has been used empirically for a long 
time by chemical engineers. The theory of local isotropy is qualitatively closely 
related to such a criterion. Thus it should be expected that this theory, by putting 
the criterion on a more solid analytical basis, would shed new light on the range 
of its applicability. 

For completeness, a short review of the basic concepts of local isotropy will 
be given, before the possibility of locally isotropic flow in a stirred tank is 
considered. 


Kolmogoroff’s theory of local isotropy 

The theory of local isotropy (Kolmogoroff 1941) has been reviewed extensively 
(Batchelor 1947, 1953). Therefore only a short summary will be given in what 
follows. 

Kolmogoroff has put forward the hypothesis that in any turbulent flow at 
sufficiently high Reynolds numbers the small-scale components of the turbulent 
velocity fluctuations are statistically independent of the main flow and of the 
turbulence-generating mechanism. The small-scale velocity fluctuations are 
determined by the local rate of energy dissipation per unit mass of fluid ¢ and 
the kinematic viscosity v. Otherwise put, the spectrum of turbulent velocity 
fluctuations includes a range of high wave-numbers called the ‘universal equi- 
librium range’, which is uniquely determined by € and v. Kolmogoroff defines 
a length scale by 9 = ie}, (1) 
and a velocity scale by 

v = (ve). (2) 


These parameters can be used to define conditions of flow in the equilibrium 
range instead of € and vp. 

For local isotropy to exist, the linear scale L of the energy-containing eddies 
must be large compared to the scale of the small energy-dissipating eddies 7. 
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This implies that the Reynolds number of the flow must be high, or alternatively 
(cf. Batchelor 1953) that (Lu’/v)? > 1, where wu’ is the root-mean-square of one 
component of the turbulent velocity fluctuation. If the conditions mentioned 
above for the existence of local isotropy are met, then in any small volume of 
characteristic dimension r (< L) all velocity correlations must be functions of 
vand , or of € and y, only. Thus the mean-square of relative velocity u(r) between 
any two points distance r apart? is a universal function of v and . Furthermore, 
if L > r > 9, then u*(r) is independent of viscosity, and is a function of € only. 

In this case, and for very small values of r as well, the form of the universal 
function can be obtained from dimensional analysis. 


w(r)=C,eri for L>r>y, (3) 
wr) =C,er2/v for L>y>r. (4) 


The range of values of r for which (3) applies is called the ‘inertial subrange’. 
In order for an inertial subrange to exist, (Lw’/v)* must be large compared to 
unity. Under the experimental conditions generally used for the study of 
turbulence in the laboratory, it is very difficult to satisfy the above conditions, 
and therefore few data proving the existence of local isotropy in the inertial 
subrange are available. The possibility of obtaining very high values of ¢ and of 
u'L/v in a mixing tank should therefore be of interest for the study of locally 
isotropic turbulence. 


Conditions of flow in stirred tanks 


Local isotropy is possible with different types of agitators. However, the 
discussion will be limited to paddle and turbine agitators, because of their simple 
design and wide application. A typical agitator of this type is shown in figure 1. 
The mixing vessel is equipped with flow baffles to prevent the establishment of 
a vortex around the agitator shaft (avoidance of the influence of Froude number). 
The same effect can be obtained by excluding air from the vessel and filling it 
completely with liquid. The conditions of turbulence in such a mixing vessel can 
be predicted from a modified Reynolds number N D?/y, where D is the diameter 
of the agitator and N is its speed in revolutions per second. Fully developed 
turbulence (in the region of the agitator) exists with such agitators if this modified 
Reynolds number is higher than 104. It has been shown experimentally that for 
high Reynolds numbers the energy input of the mixing impellor per unit mass of 
liquid in the vessel is independent of the properties of the liquid, and a function 
only of the geometrical design of the agitator and its speed (Rushton ef al. 1950). 
In geometrically similar vessels the average energy dissipation € in the liquid must 
therefore be a function of N and D only, and by dimensional analysis one can 


derive 2 = KN3p2. (5) 


Here K is a dimensionless constant dependent on the geometry of the vessel 
and the agitator only. 


+ u can be taken as the component of relative velocity parallel to the line joining the 
two points; similar results can be stated for other components of the relative velocity. 
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The knowledge of the average energy dissipation is not sufficient to determine 
the dependence of local values of € on N and D, unless the distribution of the 
main flow velocity in the tank is universal. That means that the ratio of the average 
flow velocities at any two points is constant, and independent of Reynolds 









































FicurE 1. Sketch of a turbine mixer. 


number and fluid properties. In this case only can it be assumed that the 
distribution in space of ¢ is universal also, and all local values of € are then 
directly proportional to €. Thus 


(a, ¥,2) = K's, 9,2) 0. (6) 


The dimensionless factor K’ is an experimentally determinable function of the 
co-ordinates of any point in the vessel. 

The velocity distribution in mixing tanks of this type has been experimentally 
investigated by Rushton & Sachs (1954) and by Aiba Schuichi (1958), and was 
found to be universal at Reynolds numbers above 104 with the equipment used. 
It is of particular interest to note that the velocity distribution in the liquid jets 
leaving the agitator blades was also found to be universal, whereas in a free 
jet the distribution becomes universal only at large distances from the origin. 
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Though the mixing action of a turbine agitator has often been compared to 
that of a free jet in stagnant surroundings, there is a basic difference between the 
two cases. While liquid entering the agitator is already highly turbulent, in a jet 
fully developed turbulence exists only at a comparatively large distance from the 
origin. 

Taking into consideration the above discussion, it is permissible to conclude 
that, in an agitated fluid, statistical equilibrium is possible at any location in the 
liquid. 

The requirements for the existence of local isotropy in a mixing tank can be 
fulfilled, though the flow is definitely non-isotropic. Experimentally, the 
realization of Reynolds numbers of several millions and local values of ¢ above 
10° are feasible. Thus, for € = 10° cm3/sec? and v = 1 centistoke, 7 becomes equal 
to 10microns. The Reynolds number of turbulence (Lu’/v) in this case will be 
approximately 8500 for L = 5em, and 75,000 for L = 25cm. Thus even for 
relatively small L, L/y will be very large.t 

The flow around a turbine agitator should therefore furnish experimental 
evidence as to the validity of the concepts of local isotropy. However, one 
practical difficulty is that a reliable instrument for the detection and measure- 
ment of turbulent velocity fluctuations is not yet available for use with liquids. 

Some indirect experimental evidence, however, can be obtained by measuring 
the droplet size distribution of agitated dilute dispersions of two immiscible 
liquids. 


Break-up and coalescence of liquid dispersions in turbulent flow 


If a dilute liquid-liquid dispersion is exposed to turbulent flow conditions, 
simultaneous coalescence and break-up occur. If the dispersion remains in a 
quasi-stationary flow-field for a sufficient duration, a dynamical equilibrium 
between coalescence and break-up is established. It is possible to predict from 
simple theoretical considerations the influence of the turbulent velocity fluctua- 
tions on both break-up and coalescence. The case of break-up has been treated 
previously by Kolmogoroff (1949) and Hinze (1955). The equations for preven- 
tion of coalescence were derived by Shinnar & Church (1960). 


(a) Break-up of droplets 

Consider a small volume of fluid in which turbulence is locally isotropic. Any of 
the droplets in this volume will be exposed to both inertial forces due to velocity 
fluctuations and to viscous shear forces. If the droplet is much larger than the 
microscale 7, viscous forces can be neglected. In this case the droplet will oscillate 
about its spherical equilibrium shape concurrently with the surrounding fluid, 
provided the densities and viscosities of both liquids are not much different. 
If the deformations are large, the droplets become unstable and break up into 
two or more smaller fragments. But in order to become unstable, the kinetic 
energy of the oscillations must be sufficient to provide the gain in surface energy 

+ In order to calculate the Reynolds number of turbulence defined above, the macro- 


scale of turbulence Z must be known. Though LZ has not been determined, its order of 
magnitude should be comparable to the width of the agitator blades. 
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due to the break-up. The kinetic energy of the oscillating droplet may be assumed 


proportional to pu?(d) d*, where u?(d) is the mean-square of the relative velocity 
fluctuations between two diametrically opposite points on the surface of the 
droplet. The minimum gain in surface energy is approximately proportional to 
od. The value of the ratio between these two energies (pu2(d) d/o) is called the 
Weber number. The critical value of this ratio at which break-up occurs is 
dependent on the number of droplets formed as a result of the break-up. This 
critical value should be constant for any given system, though it may vary for 
different liquids. 

In locally isotropic flow the average mean-squared velocity between two points 
is given by equations (3) and (4), and therefore the Weber number of a droplet, 
the diameter of which is much larger than 7, becomes 


2(d) d E33 
We — Pua _ pCyerds (7) 
o o 
The relation € = KN*D?, which was obtained from other evidence, has been 
discussed in connexion with equation (5). Thus the value of the maximum stable 


droplet diameter can be obtained from the relation 
pC, KiN2Didio-! = constant. (8) 


Equation (8) should apply only to cases in which the maximum diameter obtained 
is larger than 7. 

In contrast to the above, if o is very small or pv is rather large, as for instance 
for some emulsions, the maximum stable droplet diameter will be smaller than 
the microscale 7. In this case the viscous shear forces cannot be neglected any 
longer, as the stresses due to viscous shear will be much larger than those due to 
inertial effects. The corresponding equation for the break-up of a droplet, due to 
viscous shear only, was derived by Taylor (1932): 


oud Ha , 
cee) Sl 9 
Neorg (‘) ; (9) 


where © is a certain function, and the suffices c and d refer to the continuous 
and dispersed phases. In locally isotropic flow (¢@u/ér)? = 2e/15v. Therefore 
equation (9) now becomes 


Bee eNOS o() 


4 He 


: (10) 
Veo Veo 


This equation should describe the breakup of droplets in emulsions, whenever 
d < 9.7 
+ Kolmogoroff has suggested for this case, in analogy with equation (7), that 
pur(d)d _ pC,ed> _ 4) 
: wo “ae 


where ¢ is an unknown function. It should be pointed out, however, that, if d <7, then 
the viscous shear forces should be much larger than the inertial forces, which are given 





by pu(d). 
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(b) Coalescence of droplets 


In an agitated dispersion, the rate of coalescence of droplets may be accelerated 
or slowed down by turbulence, depending on the physical properties of the 
constituents of the system. 

Local velocity fluctuations will increase the rate of collisions between droplets 
and thereby increase the chance of coalescence. However, it is well known that 
only a small number of collisions result in immediate coalescence. This is so 
because a thin film of liquid, trapped between two colliding droplets, acts as 
an elastic cushion and may cause the droplets to recoil. If the two droplets 
adhere to each other, the thickness of the film separating them will gradually 
decrease due to diffusion. When the film has thinned down sufficiently, the 
boundary between the two droplets may collapse. However, turbulent velocity 
fluctuations may meanwhile communicate sufficient energy to the two droplets 
to cause re-separation, before coalescence has occurred. This effect will be en- 
hanced if the time needed for the thinning down of the film is artificially in- 
creased, for instance by adding a protective colloid to the dispersion. This may 
be pushed to the point of complete prevention of coalescence in turbulent flow. 
Coalescence of such a dispersion will, of course, take place rapidly if agitation 
is stopped. 

The effectiveness of the prevention of coalescence as described above is found 
to be a function of individual droplet diameters, since the forces of adhesion and 
those of inertia are different functions of droplet diameter. Hence, for very 
small droplets, turbulent energy input into a droplet pair may be insufficient to 
overcome the adhesion energy barrier. 

The droplet diameter d,,;,,, for which the energy due to turbulent velocity 
fluctuations is equal to the energy of adhesion, depends on the intensity of 
agitation defined by €, and also, naturally, on the physical properties of the 
constituents. This droplet diameter can be estimated as follows. 

The force of adhesion between any two droplets of respective diameters d, 


and d, is given by = 
‘i al ‘(h) dh. (11) 
h 


Here hy is the smallest distance between the two droplets, i.e. hy is actually the 
thickness of the ‘films’ separating them; h, is zero when the droplets touch each 
other; f(A) is the force of attraction per square centimetre between two infinite 
parallel surfaces separated by a distance h (Bradley 1932; Deryaguin et al. 1934). 
The energy of adhesion Z,, can be calculated from equation (11) by 


B,= |" FW dh’ = "hear \dhdh’, 12) 
ho ( ) h h d,+d, ( 


where A(hj) is defined by 


ber | F | * fh) dhdh’ 
hod h 
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and is the energy necessary to separate completely two droplets of unit diameter 
initially separated by the minimum distance h. If the two droplets are of equal 
diameter, equation (12a) simplifies to 


E,, = A(hg) d. (13) 


The kinetic energy of two droplets of diameter d in movement relative to each 
other is proportional to pu*(d) d*. As already stated, this must be larger than the 
energy of adhesion in order to prevent coalescence. The drop diameter for which 


separation is still possible in a given fluid is therefore given implicitly by 


pu(d) d? 
— = constant. 14 
A(he) “a 
In locally isotropic flow u2(d) = C(ed)§ [see equation (3)], and so (14) may be 
aaaoeeiuas CO, peids/A(hy) = constant. (15) 


For fluid stirred in a tank at constant power number, this is equivalent to 
C,pKiN?Dids/A (hy) = constant. (16) 


Both A (ho) and A, are constant and independent of the droplet diameter d in any 
given dispersion as long as /,/d is small. However, the numerical values of these 
constants are difficult to estimate from the properties of the system. For a given 
pair of fluids, A(h)) is constant, and equations (15) and (16) may be applied to 
predict the dependence of d,,;,, on €. 

The considerations set out above do not apply if the maximum diameter 
defined by equation (8) is smaller than the diameter as given by equation (16), 
for then separation of adhering droplets by turbulent agitation becomes in- 
significant. Thus droplets in the dispersion fuse rapidly until the diameter of 
the drop formed reaches the unstable size for break-up, and then fragmentation 
into several smaller droplets becomes probable. The process restarts with 
coalescence. The size distribution is determined by the state of dynamical 
equilibrium reached. 

In figure 2 the maximum stable droplet diameter as determined by the process 
of break-up, and the minimum stable droplet diameter as determined by the 
process of coalescence, are plotted against agitator speed. This latter quantity 
is proportional to e}. 

From this figure it is apparent that prevention of coalescence due to turbulent 
velocity fluctuations in the bulk liquid is of importance in the region to the left 
of the point of intersection between the two lines plotted on the graph, while 
being relatively unimportant to the right of this point. The value of € at which 
the two lines intersect depends on the physical properties of the constituents. 
The existence of such a critical value has been confirmed experimentally as 
will be seen later. 


(c) Simultaneous break-up and coalescence 


In practice, the size distribution of droplets in an agitated dispersion is deter- 
mined by both break-up and coalescence occurring simultaneously. The diameters 
defined in equations (8) and (16) are in reality statistical averages; in the case of 
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(8), of the droplet size for which break-up most probably occurs, and in the case 
of (16), of the droplet size above which prevention of coalescence becomes 
effective. From the plots of the dependence of d on € some conclusions as to which 
of the two processes predominates in the dispersion can be drawn. In addition, 
it is possible to conclude that in cases where locally isotropic flow may be 
assumed to exist, droplet size distribution is a function of energy dissipation 
and the physical properties of the constituents only. 







d~N-* (equation 8) 


q 






d~N™ + (equation 16) 





€ critical 
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FiacurE 2. Logarithmic plot of droplet diameter as a function of agitator speed. Equa- 
tion (8): d controlled by breakup; equation (16): d controlled by prevention of coalescence. 


The reasoning set out above provides the limitations to the empirical engi- 
neering rule of scaling-up mixing plants. As already mentioned above, this rule is 
based on a specific energy input per unit mass criterion. Thus this criterion, 
which of course applies only approximately, can safely be applied to all those 
cases where (a) local isotropy is expected to exist, (b) the main influence of tur- 
bulent agitation is confined to the vicinity of a small particle or droplet, and 
(c) the influence of the large-scale flow (gross mixing) may be neglected. 

There exist some special dispersions in which prevention of coalescence is the 
factor determining droplet size; this can be shown by experimental evidence 
unrelated to the above. As already mentioned, the addition of a protective colloid 
to the dispersion may slow down coalescence. Dispersions can be prepared in 
which no break-up or coalescence will occur as long as constant agitation is main- 
tained, and individual droplets are completely stable for many hours of agitation. 
This effect can be shown very convincingly by colouring part of the droplets: 
it will be found that under these special conditions the coloured droplets will 
retain their original colour without sharing this with other droplets. Also, droplet 
sizes will be distributed in a relatively narrow band. The sizes will again depend 
on agitation, and a reduction in agitator speed will lead to a different size dis- 
tribution in equilibrium. If a stable equilibrium is again attained at the reduced 
agitator speed, the colour tracer method may again be used to show that no 
further intermixing does occur. 
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For these special dispersions, the term ‘turbulence-stabilized dispersions’ has 
been suggested by the author, and a detailed discussion of the properties of such 
dispersions has been given (Shinnar & Church 1961). 


Experimental evidence 
Several authors have studied experimentally the behaviour of two immiscible 
liquids when agitated together (Magnusson 1954; Vermeulen, Williams & 


Langlois 1955; Shinnar 1957; Shinnar & Church 1961). Their results will be 
discussed below. In addition, some new experimental evidence obtained by 


the author is given. 
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FicurE 3. Schematic diagram of the mixing-tank used by 
Shinnar & Church in their experiments. 


Shinnar & Church dispersed a molten microcrystalline wax in hot water to 
which polyvinylalcohol had been added as a protective colloid. By syphoning 
off small samples and freezing these rapidly, droplet size distributions could be 
obtained by microscopic inspection. The experimental arrangement used is 
shown in figure 3. The behaviour of single droplets was studied by adding small 
quantities of coloured wax to the dispersion as a tracer. It was found that under 
certain conditions the agitated dispersion was stable to such a degree that no 
intermixing occurred even after 12hr of continuous operation of the agitator. 
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However, whenever agitator speed was reduced, coalescence took place at once, 
and proceeded until after about 2 hr a new stable equilibrium was established, 
and no further intermixing and coalescence occurred. This was taken to indicate 
that droplet size in such dispersions is determined by the prevention of coales- 
cence by turbulence; thus (16) should apply to these dispersions. Figure 4 shows 
the appearance of samples of dispersions stabilized at different agitator speeds. 
Samples were taken from various points in the mixing tank, and no variation 
of droplet size with location could be detected. 

In figures 5 and 6 average droplet sizes are plotted against agitator speed for 
some typical experiments with two different protective colloids. The droplet 
diameter given in these figures is the Sauter mean diameter defined by 
dy = XLnd*/Xnd?, where d is the diameter of each droplet and n is the number of 
droplets in each size group. The use of a mean diameter instead of a maximum or 
minimum diameter as employed above appears permissible, as the spread of the 
size distribution curves is small and the curves are all of similar shape. Table 1 
lists all size distributions for the experimental points plotted in figure 6. The ratio 
of dinax aNd d,,i,, Which are defined so that 90°% of the cumulative volume of 
all droplets have a diameter smaller than d,,,,, and 10% are smaller than d,,,.,, 
is fairly constant and its value is about two. It is only at 627r.p.m. that this 
ratio increases slightly to a value of about three, but as will be explained 
later the dispersion was not ‘stable’ at this agitator speed. 

All points plotted on figures 5 and 6 were tested for stability by the tracer 
method and the results are indicated in the figure. The assumption that preven- 
tion of coalescence by turbulence controls droplet size is of course justified only 
for those points for which no intermixing of the tracer wax occurred. For these 
points the results are in reasonable agreement with (16). One of the stabilizers 
tested (figure 6) gave rise to dispersions in which the existence of a critical 
agitator speed could be experimentally checked. Thus at 627r.p.m. the dis- 
persion behaved as if no protective colloid were present and the tracer wax 
became completely dispersed after only 10min of agitation, even though at 
lower agitator speeds no intermixing could be detected after as long as 12hr 
of continuous agitation. When the concentration of the protective colloid was 
increased by as much as fivefold, rapid intermixing was not prevented, though 
analysis of the water phase showed that a large excess of free colloid was present. 
It may therefore be assumed that 627r.p.m. was above the critical agitator 
speed in these dispersions and for the experimental arrangement used. 

All experimental results given by Shinnar & Church were obtained from tests 
carried out with the same equipment. To test the validity of (16) for scaling-up 
purposes another series of experiments with turbulence-stabilized dispersions 
was carried out by the author. Two sets of similar tanks and impellors were 
employed, the dimensions of which are given in figure 7. A Pfaudler type turbine- 
agitator was used instead of the flat-blade turbine shown in figure 3 as two sets 
of such agitators were available. Test results are plotted in figure 8 where 
droplet sizes are given as functions of N*D?. The agreement with theory is seen 
to be quite good. 

It should be pointed out that in the experiments described above the agitator 
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chosen was large in comparison with the mixing vessel. Thus the influence of 
agitation extended to all parts of the mixing tank. Smaller agitators may be 
expected to give much less uniform agitation, and in such cases droplet sizes 
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FicureE 5. Average droplet size as a function of agitator speed in a turbulence-stabilized 
dispersion (droplet size controlled by prevention of coalescence). Experimental arrange- 
ment shown in figure 3. Dispersion used: 5% molten wax (Shellwax 700) in hot water 
containing 0-1% polyvinylaleohol (Du Pont Elvanol 51-05 low molecular weight). 
Viscosity v, = 0-35 centistokes; vz = 22-5 centistokes. Results of colour tracer test in- 
dicated on plot as follows: @, no visible intermixing after 2 hr; (0, partial intermixing 
after 2 hr. 


_ 
wr 
o 


8 


d,, (microns) 


ie) 
Oo 


ma) 
So 


5 











100 150 200 300 400 600 
N (r.p.m.) 


Ficure 6. As in figure 5. Dispersion used: 5% molten wax (Shellwax 700) in hot water 
containing 0:1°% polyvinylalcohol (Du Pont Elvanol 50-42 high molecular weight). 
Viscosity v, = 0-4 centistokes, vz = 22-5 centistokes. Results of colour tracer test indicated 
on plot as follows: ©, no visible intermixing after 2 hr; 0, partial intermixing after 2 hr; 
A, rapid intermixing. 
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may not be independent of location in the tank. Furthermore, complete preven- 
tion of coalescence due to turbulence may no longer be possible. No quantitative 
criteria for a minimum agitator size (compared with tank size) have as yet been 
established. The problem is currently under investigation. 
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FicurE 7. Experimental arrangement used for testing scaling-up relations in author’s 
experiments. Dimensions in mm. 
A B C D 
Large vessel 1220 1064 102 914 
Small vessel 305 266 25-5 228-5 


Vermeulen determined average droplet sizes in agitated dispersions in- 
directly by measuring the amount of light scattered. A wide range of different 
combinations of two liquids was studied. The concentration of the dispersed 
liquid was varied from 10 to 40%. 

Vermeulen’s results were correlated by the following empirically derived 
equation pN?Didio— = 0-016, (17) 
which is identical to equation (8) derived in the present paper analytically. The 
deviation of Vermeulen’s experimental data from (17) was about +40%. 
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Figure 4. Photomicrograph of frozen samples of turbulence-stabilized dispersions; 
results of colour tracer tests (experimental conditions and results given in figure 6). 
Magnification x20. (a) Dispersion agitated at 220r.p.m. 4hr. after addition of red- 
coloured wax. () Same dispersion as in (a), agitated at 156 r.p.m. 4 hr after addition of 
red-coloured wax. 
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However, the comparatively large scatter could be explained if it is borne in 
mind that a number of these tests were carried out at conditions where the above 
theory does not apply (relatively low Reynolds numbers, high concentration 
of the dispersed phase, etc.). If only dilute dispersions of liquids of low viscosity 
are considered, thescatter of the experimental results is found to be much reduced. 
Some typical results are given in figure 9. The curve of dvs N on the log-log plot 
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FicuRE 8. Average droplet size in mixing vessels of various sizes for a turbulence- 
stabilized dispersion. Dimensions of both vessels and agitators given in figure 7. Dis- 
persion used: 5% molten wax (Shellwax 700) in water containing 3% polyvinylalcohol 
(Du Pont Elvanol 50-42 high molecular weight). All points were tested by colour tracer 
method and no visible intermixing could be detected after 2hr. @, Small vessel; 
A, large vessel. 


is seen to be concave upwards at low agitator speeds. For all liquids agreement 
with (17) is better at higher speeds. The extension of Vermeulen’s tests to cover 
a large range of mixing-vessel dimensions and the measurement of droplet size 
distributions (instead of average droplet sizes only) should be of great interest. 
Rodger, Trice & Rushton (1956) measured droplet sizes in agitated liquid-liquid 
dispersions, using equal volumes of both liquids. Technique and experimental 
conditions were similar to Vermeulen’s, but both agitator and mixing-vessel 
dimensions were varied. A complicated equation relating droplet size to agi- 
tator speed, liquid properties and the dimensions of both agitator and vessel was 
empirically derived from these tests. This equation is quite different from the 
correlation proposed by Vermeulen. For any one pair of liquids and geometrically 
similar agitators this equation reverts practically to (16). Rodger’s formula 
predicts droplet sizes to be a function of N-3# as compared to N-? in (16). In 
18 Fluid Mech. 10 
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geometrically similar vessels of different dimensions, equal droplet sizes are 
predicted approximately at equal energy input per unit mass; this applies only 
to the range over which experiments were actually performed. 

A possible explanation for the difference in the experimental results obtained 
by Vermeulen and Rodger could be that, in the first set of experiments, break-up 
of droplets is the determining factor, whereas in the second set slowing up of 
coalescence due to turbulence controls droplet size. Though it is questionable 
whether (16) is applicable to concentrated dispersions, as used by Rodger, the 
agreement with (16) is interesting to note. 











10! F 
9 
8 = 
i = 
6 o 
5 a 
a 
4 = 
Oo nie 
seine a d~N ® 
§ 
2 = 
10 ~ ia 
7x 10-3 | (ome ee el 
100 200 300 500 1000 


N (r.p.m.) 


FicurRE 9. Droplet size as a function of agitator speed, d controlled by break-up. Data 
from Vermeulen et al. 0, 10% dispersion of kerosene in water; O, 10% dispersion of an 
iso-octanol carbon tetrachloride mixture in water. 


Magnusson (1954) studied agitation power requirements for oil-in-water 
dispersions in mixing vessels of various sizes and found the energy per unit mass 
needed to be approximately constant. However, droplet sizes were not deter- 
mined directly. The time needed for coalescence of a sample of each dispersion 
was used as a criterion for the state of mixing. Comparison with other data is 
therefore difficult. 

Equation (7) for break-up was applied by Kolmogoroff (1949) to droplet sizes 
in a pipe in order to provide experimental evidence for his theory of local isotropy. 
The data were obtained at relatively low Reynolds numbers and were found to 
be non-conclusive, as droplet diameter was found to be proportional to U-! 
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and not to U-+ (here U is the mean bulk velocity). Hinze (1955) applied equation 
(7) to Clay’s data (1940) on dispersions agitated between rotating cylinders, but 
again the scatter is much larger than in Vermeulen’s tests. 

There is as yet no experimental evidence justifying the application ofequation 
(10) to dispersions in which d < 9. It is therefore interesting to note that (10) 
describes to a good approximation the equilibrium size distribution of gas bubbles 
in a liquid agitated by a turbine agitator. In such a case the size distribution of 
the gas bubbles reaches an equilibrium value which depends on the intensity of 
the agitation and the physical properties of the system. Vermeulen et al. (1955) 
measured bubble sizes of different gases in water and other liquids with the same 
experimental arrangement used to measure droplet sizes in agitated liquid-liquid 
dispersions, and obtained the following dimensionless correlation 


N3Ddp} ui 
a ee = constant. (18) 
The 
This may be rewritten as ' 
73 3 
sal (H:) (18) 
vio Ha 


Equation (18) is identical with (10). However, this problem is of much greater 
complexity, because of the large difference in densities of the two fluids, and no 
definite conclusions can be drawn at the present stage. 


The author is indebted to Mr Z. Rotem for reading the manuscript and for some 
useful suggestions. 
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A study of the magnetohydrodynamic boundary 
layer on a flat plate 
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This paper is concerned with the boundary layer on a semi-infinite flat plate in 
a uniform stream of conducting fluid, with a magnetic field in the stream direction 
such that the Alfvén speed is less than the undisturbed fluid speed. Series solu- 
tions are derived which are applicable for large and small values of the electrical 
conductivity, and which give a guide as to the validity and limitations of theories 
which assume the fluid to have infinite or zero conductivity. 





1. Introduction 


The subject of this paper is the derivation of solutions of the equations 
governing a certain problem in magnetohydrodynamics. This problem, discussed 
in detail by Greenspan & Carrier (1959) in a paper hereafter referred to as I, 
concerns the steady two-dimensional flow of a viscous incompressible electrically 
conducting fluid of constant properties past a semi-infinite rigid plate. The 
applied magnetic field is uniform and in the direction of the undisturbed stream, 
which is parallel to the plate and perpendicular to its edge. 

As shown in I and recapitulated briefly in the Appendix to this paper, the 
boundary-layer equations governing the flow are 


f" +ff" — Pog" = 9, (1.1) 
g" +e(f9' —f'g) = 9, (1.2) 


with boundary conditions 
F(0) = f'(0) = g(0) = 0, f"(20) = g'(0) = 2. (1.3) 


Here ¢ = oy is the ratio of the viscous to the magnetic diffusivity and is pro- 
portional to the conductivity of the fluid, and # = ~H?/pU§ is the square of the 
ratio of the Alfvén speed to the fluid speed in the undisturbed flow. The fluid 
has density p, kinematic viscosity v, electrical conductivity o and magnetic 
permeability #7, and in the undisturbed stream the speed is U) and the magnetic 
field intensity is Hj). The functions f(7) and g(y) describe the velocity field and 
the magnetic field respectively, where 


oe 4(U,/va)? y (1.4) 


is the usual Blasius non-dimensional variable, x and y being distances measured 
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along and perpendicular to the plate from its leading edge. The velocity com- 
insite w= Wyf', v= MUr ix) (f-af’), (1.5) 
and the magnetic field components are 


H, = $lyg’, H, = $H(v|Uyx)* (g— 1g’). (1.6) 


The method used in I to tackle the problem was to replace the fundamental 
equations by Oseen equations, linearized equations obtained by assuming that 
the convective velocity and magnetic fields may be replaced by their free-stream 
values. For £ < 1 the method led to plausible results, although they did not 
agree very satisfactorily with certain numerical solutions of equations (1.1) 
and (1.2). For # > 1 the whole formulation of the problem breaks down. The 
Alfvén speed is then greater than the fluid speed and disturbances penetrate 
upstream ahead of the plate, so it is no longer possible to describe the flow 
completely in terms of the Blasius variable based on the leading edge. This was 
confirmed in I by a study of the Oseen equations applicable to a flat plate of 
finite length. The solutions for £ < 1 obtained in I, and an investigation of the 
nature of the equations when 1 —/ is small and ¢ = 1, were interpreted by the 
authors as indicating that the entire flow becomes ‘plugged’ or brought to rest 
at the critical value # = 1. 

Further discussions of the problem by means of the Oseen equations have been 
given by Carrier & Greenspan (1960) and by Greenspan (1960). The former paper 
treats unsteady flow conditions and the latter the flow past a finite plate with 
p>. 

The scope of the present paper is limited to the range # < 1, with 1—/ not 
small. Two solutions in series of the full boundary-layer equations (1.1) and (1.2) 
are obtained, valid for large and for small values of € respectively. Several terms 
are calculated explicitly, each depending in a simple manner on the parameter /. 
The physical reason why such series expansions are possible is that when e€ is 
large the magnetic boundary layer is effectively much thinner than the velocity 
boundary layer and when ¢ is small it is much thicker. The situation has many 
points of similarity to the study of heat transfer in a laminar boundary layer of 
non-conducting fluid, as discussed by Morgan & Warner (1956) and by Morgan, 
Pipkin & Warner (1958). The temperature distribution function and the Prandtl 
number there take analogous places in the equations to the magnetic field func- 
tion g(y) and the conductivity parameter e. 

Our series solutions appear to give reliable numerical values for the ranges 
€ > 10 and e€ < 0-001. Most practical applications will probably be covered by 
one or other of these cases. If results are required for some specific values of € 
outside these ranges they may be obtained without undue labour by use of an 
electronic computer, but the presence of two arbitrary parameters ¢ and # means 
that anything like a complete coverage is a formidable task. The equations have 
simple solutions for € = oo and for e = 0, and perhaps the chief point of interest 
is to see how these limiting values are approached, since in many problems in 
magnetohydrodynamics it is most helpful to be able to assume that the electrical 
conductivity is either infinite or zero. 
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2. Equations for large conductivity 

When the electrical conductivity is large it is convenient to make a slight change 
of variables, in order that the functions to be calculated shall as far as possible 
be independent of the parameter £. We write 


7 =(1—f)*0, fn) =(1—B)* pO), gm) = (1—-B)-*q(9), (2.1) 
and e=(1-Af)A. (2.2) 
As stated above, 1—/ is supposed to be positive and not small. Then 


f'n) = p'(9), f'"(9) = 1— By p"(0),  ete., 


and the equations (1.1) and (1.2) become 
(1—£) p" + pp" — faq" = 0, (2.3) 


q’ +A(pq' —p'g) = 9, (2.4) 
with boundary conditions 


p(9) = p'(0) = q(0) = 0, p’(0%0) = q'(w) = 2. (2.5) 


Fora perfectly conducting fluid A, like e, is not only large but infinite. Equation 
(2.4) reduces to pq’ = p’q and the only solution satisfying (2.5) is 


P(A) = 4(9). (2.6) 
Equation (2.3) now becomes 


m 


p"+pp" = 0, (2.7) 
of which the required solution is 
p(O) = Bi), (2.8) 


where B(@) is the well-known Blasius function which governs the boundary layer 
on a flat plate in a non-conducting fluid. 

If A is finite this solution is incorrect in the vicinity of the plate. It implies 
that q"(0) = B"(0), which is non-zero, while the boundary conditions (2.5) and 
equation (2.4) show that q”(0) = 0. It is clear that however large A may be there 
is an inner part of the boundary layer in which the first term of (2.4) cannot be 
ignored. According to (2.8), when 0 is small p = O(6?), p’ = O(0), p” = O(1) and 
similarly for q(7), and so the terms of (2.4) become of comparable magnitudes 
when @ = O(A-*). We must introduce an appropriately stretched co-ordinate to 
describe the inner layer. Since the transformed equation (2.4) must no longer 
contain A explicitly we write 


0=AE, pd) =A4PQ, (0) = A4*Q). (2.9) 

It follows that p’(0) = A-?P’(E), p’(0) = P”(é), etc., and (2.3) and (2.4) become 
A(1—f) P” + PP” — £QQ” = 0, (2.10) 
Q’ + PQ'-P'Q =0, (2.11) 


with boundary conditions P(0) = P’(0) = Q(0) = 0. The boundary condition at 
@ = 0 is of no importance to the inner layer. 
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We may now seek solutions for p, g, P and Q in the form of series in descending 
powers of A, and hope to be able to determine the arbitrary constants which arise 
in the integrations by matching the forms of the inner solutions for large £ to 
the outer solutions for small @. The form of the transformation (2.9) shows that 
it will be most convenient to carry out this matching by balancing corresponding 
second derivatives, since the relations between these do not involve A explicitly. 


3. Solutions for large conductivity 

The first approximations p9(9), ¢o(9), Po(E), Qo(E) to the solutions are found 
by taking A to be infinite in (2.3), (2.4), (2. 10) and (2.11). As determined in 
2.6) and (2.8 
iia Po(9) = 90) = BOO). (3.1) 
The form of the substitution (2.9) permits no change in the boundary conditions 
(2.5) at 0 = 0, if P(g) and Q,(&) are to be independent of A. Equation (2.10) 


becomes P! =0 (3.2) 
and hence Pt) = 446, (3.3) 
where A is a constant. For small 6, pj = B’(0) and the solutions will match as 
at aed A = B"(0) = 1-32823. (3.4) 
Equation (2.11) now becomes 

Qo + $AS7Qo — AED = 0, (3.5) 
and the solution for which Qj(00) = A, as required to match with gp, is 

Qo(5) = KE ,F(—-3,§, —¢Ag?), (3.6) 

where ,F, is the confluent hypergeometric function and 

K= Fr Ait = 1-1098. (3.7) 


This shows that Q5(0) = K. 
The asymptotic form of the confluent hypergeometric function for € large 


shows that Q, ~ FAEz+ 3ENH..., (3.8) 


which requires that for 0 small 


q = $A? + A101 +... (3.9) 

Likewise for 0 small 
B(0) = 4A@?—7i,5 AH 4+ ..., (3.10) 

and hence for é large 
P,Q ~ $A? -7hpA?A 185 4+... (3.11) 


These expressions indicate the nature of the extra terms which must be added 
to the inner and outer solutions in order to improve the matching. In fact rather 
more is needed. The appropriate expansions are 


P(A) =; moth +A log Ap,(9) + A*p(4) + ~ 


(3.12) 
P(E) = Po(S) +A log AP, () +A*P,(E) + 








280 M. B. Glauert 


and similarly for ¢(@) and Q(&). The functions occurring in these expansions are 
independent of A but do involve the parameter /. The necessity for including 
terms in A! log A is seen from a study of the appropriate equations, which are 
obtained by equating to zero the coefficients of successive powers of A in (2.3), 
(2.4), (2.10) and (2.11). The equations are as follows: 


(1—~) pi +PoPi + Po P1—PG0% — FON = 9, (3.13) 
Pod — Pod + P19 — Pi% = 9; (3.14) 

Pp" =0, (3.15) 

Qi + PoQi — Po + P,Q —PiQ%, = 9, (3.16) 
(1—/) po’ + PoP2 + Po P2— P4092 — FG I2 = 9, (3-17) 
qo + P02 — Pod2 + P2% — P2% = 9, (3.18) 
(1—f) Pz + Py Po —£Q09o = 9, (3.19) 

Qs + PoQs — Po Qs + P,Q —P2Qo = 0. (3.20) 


Let us examine the behaviour of ae for large £. From (3.3) and (3.8), 
PoPo — BQos ~ 4A*(1—£) f?-FAfE 


and hence Py ~ 1A 444 ce log §+C,, (3.21) 


where C, is a constant. The first term is precisely as demanded by (3.11). 
A similar inspection of (3.20) reveals that Q@, must also contain a logarithmic 
term. Use of (3.3), (3.8) and (3.21) shows that for large £ 


4 fp. 


8 
» ~ — 4A .22 
Q> 1 ARE +5754 j5) Alege + De. (3.22) 
Without the presence of the term in log £ the coefficient of 3 in (3.20) cannot be 


zero. Studies of (3.17) and (3.18) show in the same way that for # small 


3 =A plow 0 + ey, (3.23) 
” 4 Bp 8 
= 49-3 a ae 9 
qo = $0 +G75+ 15) 4log0 +d (3.24) 


The first term of (3.24) is in agreement with (3.9). The implication of (3.23) is 
that for € large P’(€) must have a contribution 





p B (s4, p . 
4 ae : : er. * —1 4 1 
s4 yap logs 3 x log A) +g) A- v4 a logA+ ($A T—plosé +e a, 
(3.25) 
The first term demonstrates that the expansion must include terms in A“! log A 
if the inner and outer solutions are to balance. The last term is satisfied by (3.21) 


provided that Q, = ¢. Similarly, we deduce from (3.24) that D, = d,, and that 
Q’(€) must have a contribution 


4 Bp 8 ws . 
-(5 1-21 45 5) Aa log A. (3.26) 





ne ee ee ee 
aI Oo Oo FP W&W 


So — = 
oS co © 


26) 





The magnetohydrodynamic boundary layer on a flat plate 281 


We now turn to equations (3.13) to (3.16). The only solution of (3.13) and (3.14) 
satisfying the boundary conditions is p, = g, = 0. The solution of (3.15) which is 
in agreement with (3.25) is 


Bigs — 

= = —3A- 1 iJ £3. (3.27) 

Equation (3.16) may then be written as 
> + Bp ” 
Qi +34f7Q) — AgQ, = 91 17% (3.28) 
using (3.5). A particular integral of (3.28) is 
4 £ 
Q,= 27 i, i poco 


and a complementary function is Q, = Q). Both of these satisfy the boundary 
condition @,(0) = 0, and in view of (3.26) the required solution is 


4 
“1 = 5 a2 pS@o- 5Qo) — aso: (3.29) 
so that Q4(0) = — (" ; +s) K. (3.30) 


To complete this stage of the approximation the equations (3.17) to (3.20) 
were integrated numerically. Care was needed owing to the logarithmic behaviour 
of the functions, but the expressions (3.21) to (3.24) were of great assistance, and 
the work was shortened by the fact that all the equations have simple comple- 
mentary functions. The integration of (3.17) and (3.18) under the boundary 


conditions : : 
P2(0) = p2(0) = Y2(0) = p3(20) = g2(00) = 0 


determined the constants c, and d,, and (3.19) and (3.20) were then integrated 
with boundary conditions 





P,(0) = P3(0) = Q2(0) = 0, P3(2%0) = €2, (00) = dp. 
The results of chief importance were 
steadier tit 
P3(0) = 0-577 i-3” (3.31) 
5572 . ’ 
Qi(0) = (0-5 57 75 0-026 K. (3.32) 


Finally we may inquire what is the dependence on A of the next most important 
terms in the expansion (3.12). It is clear that contributions in A~* log? A are present 
in equations (2.10) and (2.11), so the next terms must be of at least this order of 
magnitude. An inspection of the equations which govern these terms reveals no 
logarithmic or other awkward behaviour, so we conclude that the next terms 
in (3.12) are indeed multiples of A-* log? A. 

The most important physical quantities to be estimated from our analysis 
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are the skin friction 7,, at the plate and the surface value H, of the tangential 
component of magnetic intensity. The results are 


ou Usv\? ., Ugv\3 ‘ 
= ols) = do(-2*) £0) = to") AE PO) 
y= \ 


Ty 


= 


cy x 
Ugr\} p 
— x 2906 SUE oe 4 cas te a | o 
0 33206 2 (1—f) f 44d A *logA 
+0°577 7 i +0? log*a)| 


13, j 
ss 0-332069(—"") (1—£)3 f — 0:4444fe— log oe 0-577 fe1 + O(e-*log*e)| ; 


x 
(3.33) 
H, = $Hyg'(0) = 4H)A-2Q'(0) 


= 0-5549H,A- 1 - (0-926 wy +0: 1778) A“log a 


+ (0-557 ifs ~ 0-026) A> + O(A-* log? r)| 


= 0-5549H,(1—f)be-3 f — (0:41482 + 0-1778) elog or 
+ (0-583 — 0-026) e-! + O(e-* log? o] . (3.34) 


4. Equations for small conductivity 

When the electrical conductivity is such that € is small compared with unity 
a completely fresh start is necessary, though it will be observed that the steps in 
the analysis have strong points of resemblance to what has gone before. The 
preliminary transformation of variables given by (2.1) and (2.2) is no longer 
required, and we revert to the original forms of equations (1.1) and (1.2). 

For a non-conducting fluid in which ¢ is zero the solution of (1.2) satisfying the 
boundary conditions (1.3) is 


g(y) = 24, (4.1) 
and (1.1) becomes f” +ff” = 0. As before the required solution is given by the 
Blasius function fly) = Bly). (4.2) 


When ¢ is small but non-zero (1.2) is not satisfied by (4.1) and (4.2) for large 
values of 7. The asymptotic form of B(7) shows that 


f~ 2n-¢ (4.3) 


for 7 large, where c = 1-7208. Consequently the second term of (1.2) has the 
limiting value — 2ce, while (1.3) insists that g”(oo) = 0. It is clear that we must 
introduce a new co-ordinate to discuss the outer part of the boundary layer. 
Throughout this outer layer f’ and g’ remain of order unity, in view of (1.3), but 
the terms of (1.2) must be of comparable magnitude for arbitrarily small e. 
Accordingly we write 


n= et, f(y) =e4F(S), 9(9) = €4G4(S). (4.4) 





f 
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Then f(y) = F’(0), f"(y) = &F'"(0), ete., and (1.1) and (1.2) become 
ef" + FF" — BGG" = 0, (4.5) 
G" + FG’ —F'G = 0, (4.6) 
with boundary conditions F’(00) = G’(oo) = 2. When ¢ is small the values of F 
and G must be in accord with the values of f and g for y large, matching being 
carried out as for the case of large conductivity. The only difference is that the 
form of transformation given above shows that now it is the first derivatives of 


the corresponding inner and outer functions which must balance at each stage 
of the series expansion. 


5. Solutions for small conductivity 


The first approximations f)(7), Jo(7), Fo(¢) and Go(¢) are found by taking ¢ to 
be zero in (1.1), (1.2), (4.5) and (4.6). The required solutions of (4.5) and (4.6) 
are seen at once to be P,=G,= 2%. (5.1) 


Matching these solutions requires no change in the boundary conditions (1.3) 
at 7 = 00, so, as in (4.1) and (4.2), 
fo = BY), Jo = 29. (5.2) 
The only one of these four functions which gives a contribution to later stages of 
the matching is fy. As in (4.3), fg ~ 27 —c and this implies that 
F = 2¢-cet+... (5.3) 


for € small. 
Appropriate forms of expansion turn out to be 


f(n) = foln) + fi (0) + €log efa(n) + €fa() + ---, (5.4) 
F(f) = Fy(g) + Ff) + clog eF,(€) + eff) +..., . 


and similarly for g(y7) and G(¢). The presence of the logarithmic terms will be 
proved in due course. The terms in e? in (1.1), (1.2), (4.5) and (4.6) lead to the 


ee fi + hofitfols—P909i— 29091 = 9, (5.5) 
7 = 9, (5.6) 
FF {+ Fo F,—£G)G{ — 2G, G, = 9, (5.7) 
G+ HG, -—FoG,+ 4, -F 1G, = 0. (5.8) 
Using (5.1) we can write (5.7) as 

2¢(F{ — G4) = 0. (5.9) 
Now F}(0) = Gj(0) = 0, and by (5.3), F,(0) = —c, G,(0) = 0, so (5.9) may be 
integrated twice to give P= fG,-c. (5.10) 

Substituting this result in (5.8) we obtain 
Gj + 2(1—f) CG, —2(1- 2) G, = 2c. (5.11) 
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A particular integral of this equation is G, = —c/(1—/), and the complementary 


functions are 
7,=¢€ and G, =exp[—(1—/)C?]—2(1—)} Cerfe(1—f)3¢ 
where erfex = | “edu. 


zx 


The boundary conditions show that the required solution of (5.11) is 


Gm =r 1+exp[—(1—A) 2]—2(1— A) Cerfe(1— fk, (5.12) 

and hence 
F, = = a 1+fexp[—(1—/) €?]—28(1—/)' Cerfe(1—f)EO}. (5.13) 
Then r= 6G, =< Ba erfe (1—£)2¢ (5.14) 


(=A)! 


and in particular 


mcf 
F,(0) = £G,(0) = —-—— 5.15 
1(0) = PG,(0) (~— py! (5.15) 
since erfe 0 = 47%. The solution of (5.6) to give the necessary matching is 
men 
e+. 5.16 
Equation (5.5) reduces to f{ + Bf, +B"f, = 0, and the required solution is 
mop 
fh=- , (B+ 7B ). (5.17) 
' 4(1— A)! 
We note that Y 
te _3 mep 
(0 <2 A, 5.18 
i ge (5.18) 


where A is given by (3.4). The contributions to later terms of the series implied 
by these results are that for ¢ small F has a term 47}c24(1—)-4e, and for 9 
large f has a ae ct and g a term cy*e. The last two results follow from the 
fact that F}(0) = PG{(0) = 2cP. 

The nei which ao « the next batch of functions are: 


foto 2 +o fe — £9092 — 29092 = 0, (5.19) 

g% = 0, (5.20) 

F, Fi + Ft F,—$Q)6% — PGi G, = 0, (5.21) 

G3 4+ F,G,-FiG,+F.G,- FG, = 0, (5.22) 

3 +fofs +fofs—29093 — 290 9st hi fi— Pag; = 9, (5.23) 

93 + fo90 —fo9o = 9, (5.24) 

Fo + FF; + Fo F,—6G,0; — PO; O,+ FF" —$@,G" = 0, (5.25) 
G3 + F,G,-F36,+ 4,6, —FiG,)+ F,.G,-F.G, = 0. (5.26) 


Equation (5.24) is g3 + 2B—27B’ = 0, which shows that when 7 is large g, ~ cy?, 
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as predicted above. For large 7, (5.23) now gives fs +(297—c) fs —4cfhy ~ 0 
which can only be satisfied if fj ~ 2cf+c?#y-! and hence 

fs ~ 2chyn +c log y. . (5.27) 
The first term is as required for the matching and the second proves (in the same 
way as for large e) that logarithmic terms must be present in the expansions. 
Similarly, a study of (5.25) and (5.26) shows that when € is small 


F, = Of logé, (5.28) 
but G3 is bounded. Now log = logy +4loge, and so (5.28) implies that an 
additional contribution f'(n) = 4e2feloge (5.29) 


for 7 large is required to balance the inner and outer solutions. 

The only solutions of (5.21) and (5.22) which satisfy the boundary conditions 
are F, = G, = 0. Also since g, and G, have no logarithmic terms the required 
solution of (5.20) is g. = 0. Equation (5.19) reduces to fy’ + Bf} + B’f, = 0, and 
in view of (5.29) the appropriate solution is 

fo =}078(B +B’), (5.30) 
which shows that f2(0) = 3c2BA. (5.31) 

In the set of equations corresponding to the next stage of the approximation 

(5.25) and (5.26) can be integrated tai id using the known boundary con- 


ditions = #0) = 4nte2B(1—f)-3, G@4(0) = F4(20) = G3(00) = 0. 

The values of F3(0) and G3(0) thus obtained, together with the conditions 
f3(0) =f3(0) = g3(0) = 0, suffice to determine the required solutions of (5.23) 
and (5.24), but here, as at the corresponding stage of the work for large con- 
ductivity, numerical integration is needed for the first time. As before, simple 
complementary functions are available. The integrations gave the values 


f2(0) = [1r-sis + 0-606 pati c? log (1 -A)| BA, (5.32) 


g3(0) = 6-056 — 0-354" = 
Further terms in the expansions could be calculated if required, but it seems 
unlikely that the range of values of ¢ for which the series solution gives useful 
information could be extended significantly without considerable labour. An 
inspection of the equations governing the next terms of the expansion shows that 
these are not of greater order of magnitude than e? log e. 
The formulae for 7,;, and H, which follow from the analysis are 


UR ., 
eS (2) f"(9) 


x 


Il 


\4 
Ui») {1 2.2875. F__44.1-1104felog (1 — A) 
(1—£)2 I 


+11-814fe + 0-606 |e 


0-33 206( 








(e2 loge ). (5.34) 
H, 


3g’ (0) 
p 


H{1 ~1-5250(1 ~f) —¢b + 3-028 —0-177 "9 Be + Ole! loge) 
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6. Discussion of results 


The chief results of the analysis are contained in equations (3.33), (3.34), 
(5.34) and (5.35). These give the skin-friction 7, and the surface value H, of the 
tangential component of magnetic intensity as functions of the parameters ¢ 
and /. As shown in the Appendix the current flow in the boundary layer per unit 
length of the plate is H,— Hp, so this important quantity is also determined by H,. 

Probably the main interest centres on the forms of the leading terms of each 
expansion, since these indicate to what extent theories which assume the con- 
ductivity to be either infinite or zero are likely to be reliable. The perfect con- 
ductivity solutions (2.6) and (2.8) give the correct limiting skin-friction as from 
(3.33), and give H, = 0. Since the leading term of (3.34) is proportional only to 
e~} this last result may be inadequate except at very large conductivities. For 
zero conductivity the solutions (4.1) and (4.2) give correctly the leading terms of 
(5.34) and (5.35). In each case the first correction term is proportional to e}. 

For large conductivity the values given by (3.33) and (3.34) should be adequate 
for all practical purposes (say within 1°) for e > 10, and should provide useful 
estimates (say within 10%) fore > 3. Fore = 10, (3.33) gives values of 7, which 
are indistinguishable from those shown in figure 2 of I, which were obtained by 
direct numerical integration. The series for small conductivity (5.34) and (5.35) 
are less efficient. The ratio of the magnitudes of successive groups of terms is e+ 
(ignoring logarithmic factors) compared with e~! for large conductivity, and in 
addition the numerical coefficients increase rapidly. The series should, however, 
be entirely adequate for e < 0-001 and useful for e < 0-01. A comparison with the 
computed values of 7;, in figure 2 of I for ¢ = 0-005 shows detectable but small 
discrepancies. 

The formulae (3.33), (3.34), (5.34) and (5.35) each have a singular behaviour 
at 8 = 1, but it would be rash to draw too precise conclusions since in the analysis 
1—/ was assumed not to be small. A direct study of the original equations is 
informative. For any value of ¢ it follows from (1.2) and (1.3) that when 7 is 
large f ~ g ~ 2(y—a), where a is some constant, and from (1.1) and (1.2) it is 
now readily shown that 

i my be-en—a)* g” eS d e—en—a (6.1) 


where b and d are constants and c is the algebraically smaller root of the equation 
c?—(1+e)c+(1—f)e = 0. (6.2) 


Both roots are positive for 6 > 1, and when 1—/ is small the smaller root is 
approximately c = (1—/)e/(1+e). This shows that the width of the boundary 
layer is given by (1—/) (y—a)? = O(1), or 


% = O[(1—py4 RY, (6.3) 
where F# is the Reynolds number Upx/v. The boundary-layer equations are valid 


only if y/x is small within the boundary layer, and consequently they cease to 
hold when 1—/ = O(R-"). Incidentally the asymptotic forms given above show 





W 
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clearly that solutions of the present type cannot exist for # > 1. Equation (6.2) 
would then imply that for 7 large, f” and g” increase exponentially with 7, 
which is impossible. 

A point which troubled the authors of I was that the Oseen analysis predicted 
that for large finite ¢ the value of 7, exceeds that-for ¢ = 00, at the same value 
of £, while their numerical integrations of the full equations showed that in fact 
Ty is reduced. The leading correction term in (3.33), that multiplied by e— log e, 
clearly acts to reduce 7,,. Actually an inspection of the results of the Oseen 
analysis given in I shows that they are very inaccurate for all ¢, large and small. 
However, the authors state that their numerical values could be improved by 
supposing that the convective velocity and magnetic fields, instead of being 
equal to their free-stream values, are suitably chosen fractions of them. It is 
not evident that a major improvement over the whole range of the parameters 
can be achieved in this way, particularly in view of the involved forms of the 
solutions found above. Failing such an improvement, it seems that the linearized 
method of analysis is not to be relied on in a problem of this complexity. 


Appendix. Derivation of the boundary-layer equations 


The equations governing steady incompressible magnetohydrodynamic flow 
are 


1 
(q.V)q = —_Vp+rV2q+"jaH, (Al) 
p p 
*j=E+/qaH, (A 2) 
j = curlH, (A3) 
div q = divH = divE = curlE = 0, (A 4) 


in m.k.s. units, where p is the pressure, q the velocity, j the current, and H and E 
the magnetic and electric intensities. The boundary conditions in our problem 
are that q = 0 and H, = 0 on the plate y = 0, x > 0, and at a large distance 
P = Po, 9 = Uji, H = Hi. (Some comments on the plate condition H, = 0 are 
made below.) The electric field E may be taken to be zero everywhere, and using 
(A 3) equations (A 1) and (A 2) may be written as 


(q.V)q = —5V (p+ dn?) + »V2q +4 (A.V) HL (A5) 
1 ' 
qaH a (A 6) 


We require two-dimensional solutions and in view of (A 4) we may look for these 
in the fi 
soiree q = curl y(x,y)k, H = curl A(z, y)k, (A7) 
where k is a unit vector in the z-direction. 

On the usual boundary-layer assumption that a rate of change in the y-direc- 
tion is of a greater order of magnitude than one in the z-direction, the y-com- 
ponent of (A 5) shows that p + 4H? has negligible variation across the boundary 
layer, and so may be taken to have the constant value p,+4H3j everywhere. 
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The boundary-layer approximations to the x-component of (A 5) and to (A6) 
then give 


Oy Ow op ey Oy wl(0oA 2A dOACPA 
oe ae eae eee eras ft ae a eS (A 8) 
Oy Oxdy Ox Oy? cy® p\cy cucy ox oy? 
aod OYA _ 1 A ~ 
Cy Cx Cu Cy op cy?” : 


Guided by the form of the Blasius solution for a non-conducting fluid we next 
write ; ' ITT \h 
yr = (Uva) f(y), A = Hy(v%/Uy)* g(%), (A 10) 


where 9 = 4(U,/vx)ty. Equations (A8) and (A9) become ordinary differential 
equations in 7, with the forms given in (1.1) and (1.2). We see also from (A 7) 
and (A 10) that the velocity and magnetic field components are as given in (1.5) 
and (1.6), and that the boundary conditions stated above imply the conditions 
(1.3). The boundary-layer approximation to (A 3) is that j = jk, where 


02A Up\? 
Fite ee al 0 ” All 
j=— 5 = (52) oo, (AlN) 
and the total current in the boundary layer, flowing parallel to the edge of the 
plate, is 


0 ll 
jdy=|-—| =H,-F, (A 12) 
i , CY Jo . 


per unit distance in the z-direction, where H,is the value of H, at the plate y = 0. 

The boundary condition H, = 0 on y = 0, x > 0 is obviously essential for an 
infinitely thin plate with a similar boundary layer on its lower side. By sym- 
metry the values of H,, at y = 0 on the upper and lower surfaces are equal and 
opposite, and the necessary continuity of “H, across the plate surfaces can be 
achieved only if H,, = 0 at the plate. But in fact the resulting form of solution is 
of wider applicability. Equation (1.6) shows that when y = 0, H, = H, = $Hog'(0) 
which is independent of x. Consequently for a plate of arbitrary thickness all 
the magnetic equations are satisfied if H has the constant value H,i throughout 
the plate. 

Finally it may be noted that for the boundary-layer approximation to be 
appropriate it is not sufficient that the Reynolds number R = Uj2/v shall be 
large. By comparing the forms of (A 9) and (A8), or by studying the width of 
the outer layer for small conductivity as found in § 5, we see that it is also neces- 
sary that the magnetic Reynolds number Rj, = ek = Ujxop shall be large 
compared with unity. This sets a lower limit to the conductivities for which 
the results of this paper are applicable. 
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An I.B.M. 704 electronic computer was used to integrate the differential 
equations, which determine the shock singularity, when the velocity after the 
shock on a body is subsonic. The results are given in twenty-two cases cor- 
responding to three different bodies; the procedure followed was outlined in a 
previous paper (Cabannes 1952). 





1. Introduction 

We consider a body of revolution placed in a compressible fluid; the viscosity 
and thermal conductivity are neglected. The fluid is moving at infinity with a 
uniform supersonic velocity ¢ parallel to the axis of revolution Ox. A shock wave 
is formed in front of the obstacle; it limits the region in which the flow is uniform. 
We assume that the nose of the body is a cone of revolution with semi-angle at 
the apex 0,, and that the angle 9, has been chosen such that a shock wave could 
be attached at the point 0 of the body. For small values of Mach number, 
M < M,(@,), the shock wave is detached; for large values of Mach number, 
M > M**(0,), the flow after the shock is supersonic; for intermediary values, 
M,(9,) < M < M**(0,), the flow after the shock is subsonic, partially or totally. 

When the body is an infinite cone of revolution, the flow after the shock is 
conical and the shock wave is itself an infinite cone of revolution. Since we assume 
that only the nose of the body is a cone, the body meridian possesses a recti- 
linear segment OJ, up to the point J, at which point the slope of the tangent, or 
one of the higher derivatives, is discontinuous; the presence of the discontinuity 
perturbs the conical flow. Two cases are to be distinguished. 

(1) When the speed on the cone is subsonic, that is, for 1(0,) < M < M**(@,), 
the perturbation is propagated in all the region of subsonic flow and then in all 
the supersonic region if the latter exists. The conical flow is not produced in 
any region of space and the meridian of the shock wave does not possess a recti- 
linear segment. 

(2) When the speed on the cone is supersonic, that is, for /**(6,) < M, the 
perturbation is propagated along a characteristic /A which meets the shock wave 
meridian at a point A; this meridian possesses a rectilinear segment OA and a 
region of space in which conical flow exists. 
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In the work which follows, we consider only the first case. We locate the 
position of a point P in a semi-meridian plane by the polar co-ordinates OP = + 
and zOP = 6 (see figure 1). By means of these co-ordinates, the equation of the 
semi-cone in which the body terminates is written in the form (1), and the 
equation of the shock wave in the neighbourhood of the point O is written in 
the form (2). Thus 

(body) 0 =0, (1) 
(shock) 0=06,,+Ar™+.... (2) 


The angle @,, is determined by the theory of axially symmetric flow (Kopal 
1947); it depends on the Mach number J and the angle @,. The purpose of the 
following tables is to determine the value of the exponent m; this exponent 
depends similarly on the Mach number JM and the angle 6,. 


Shock 


= 


x 








FicurE 1. Definition of polar co-ordinates. 


2. Equations of motion 


We designate by wu and v the components, in the directions 0 and 0 + 47, of 
the fluid velocity at a point P, by p and p the pressure and density of the fluid at 
this point, and by y the ratio of the specific heats of the fluid. The four functions 
u, v, p and p of the two variables r and 6 satisfy the following partial differential 
equations which express the fundamental law of dynamics, the conservation of 
mass and the conservation of energy: 
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We attempt to satisfy the preceding equations using functions expanded in 
series of increasing powers of 7; the coefficients depend only on @. Thus 

U(r, A) = Ug(A) + 2Ar™u,, (A) +..., 

v(r, 9) = vo(A)+2Arm™v,, (A) +...; 

plr, 9) = p(A)+2Ar” (9) + eas 

p(r, 9) = po(P) +2Ar™p,, (A) +....] 

By substitution of the preceding expansions into equations (3) and by identi- 

fication according to successive powers of r, one obtains an infinite set of differ- 

ential equations. The equations (3) permit a first integral deduced from the 


theorem of Bernoulli. Since the limiting speed q,,, is constant in front of the shock 
and continuous across the shock, one can take the following equation to be valid 


(4) 





throughout the fluid 2 
Y Pi wtte® = gi, (5) 
y—Ip 
We now introduce the positive function a)(@) defined by 
aj = 70 — ¥y—1) (gh —u— 8). (6) 


Po 
The differential equations deduced from equations (3) can be written in the 
following form. Using given initial conditions, the functions with index 0 can 
be calculated from equations (7) below, whereas the functions with index m can 
then be calculated, when m has been chosen, from equations (8); the prime 
indicates differentiation with respect to 6; 





Ug — Vo = 9, 
’ aj 0 
Uoj 1— ) +uq(1-2%) ——coté = 0, 
v5) % 
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20 (1 2) + 20+ cot = ’ 7) 
Po Yo} Xo 
Po _ .,Po 
= Y — 0; 
Po Po ] 
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3. Conditions on the body 
The body is formed by the stream surface extending from the point 0. By 
requiring that the differential equation of the stream surfaces 
dr _rdo 
u v 


(9) 
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be satisfied by the function (1), one obtains the conditions 
v9(0,) = 0, (10a) 
Un(9,) = 0. (105) 


4. Conditions on the shock wave 


A certain number of conditions must be satisfied across the shock wave. These 
conditions which express the law of conservation of mass and conservation of 
energy are stated by the following equations, in which ¢, p and p denote the speed 
of sound, the pressure and density before shock, # the angle which the tangent 
to the shock wave meridian makes with the axis of revolution, and .@ denotes 
the normal Mach number J sin /: 


> 


2c 
= cos 0 +—— ~—)sin(?—-6), ) 
et (.2 4) sin ( —0) 


26 
y= ge (. M— 7) 08 (8-9), 
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Pp me “<Y ee sed 
p ytl yt+l 
2 wi —] 
TN 
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The Mach number JV is expressed as a function of the speed ¢ by 
D) 72 
ae (12) 


yg 
By considering that the relations (11) are satisfied identically on the shock wave, 
one obtains, for 0 = 6,,,, 
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5. Method of integration 


The system (8) has two first integrals, which can be written in the following 
form, where « denotes a constant, determined by the conditions on the shock 


wave, . : 
Pm =-y Ugum = Vom —aexp is MU do\ 
Po Ti) \Jo V9 J 
Po % 6 Vo | 
: 210. 6, 7) 
with — Z wo a ) tom, + 3 cotly 
ym+1) q?,-13(6,,) y-]  y+lytl 





Thus the system (8) is reduced to a system of two itis non-homogeneous 
differential equations, that is, 


2 0 , 
m ae w mu 
wy, —(m+1)v,, = —- ®aexp [ — °a0 A 
Y Yo \Jo . 5 (16) 
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1% " m { (% muy 4,\ 
1—-5) v,,+Au,, + Bv,, = — Uyxexp dO) , 
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where A = m42— M+, (y_ 1) Hore tot rocotd 
ar ar aj — v5 (17) 
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2p Uy + (as +) cotO sulle Me Uy +% cot 0 am toro. | 
ay — VB a avy az) 
The general solution is the sum of a particular solution of the complete system 
plus the general solution of the homogeneous system. For the homogeneous 
system, all the points of the interval 0, < 0 < 6,, are ordinary points; the right- 
hand sides of (16) are infinite at the extremity 0 = 0, of the interval. 
In the neighbourhood of the body, we can write the following series expansions 
(0-0,)% | 
y Bei I? 
V9(9) = U(9,) { — 2(0 —9,) + cot 0,(0 —0,)? + ...}, 


exp {{"" . — “eao) O(6 —9,)8", 


ip(0) = O(0 —0,)#™, 
V»(9) = O(a - 0 jam. 


Uo(A) = U9(9,) f —(9-—6,)? + cot O, 


For positive values of the exponent m, the functions w,,, V,,, DP» and Pp,» 
therefore have finite values on the body. Thus the presence of the singularity in 
the system (8) for 0 = 0, does not introduce any complication in the numerical 
integration. This singularity was studied by Shen & Lin (1951) for the case 
m = 1. Because they neglected the existence of one of the first integrals, they 
were led to an indicial equation of third degree which had a double root, and 
therefore they found a logarithmic term. In reality, the indicial equation is of 
second degree with two distinct roots. Lin has shown in a private communication 
that the coefficient of the logarithmic term is zero, which brings the results of 
Shen & Lin (1951) into accord with those of Cabannes (19516). 
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To begin the calculations for fixed y, the angle 0, of the body is assumed and 
the two first equations of (7) are integrated starting from 6 = @,, taking 
vo(9,) = 0 and selecting an arbitrary value of u)(0,). The shock wave is reached 
when 


= oe “ 
vat (q7, — Us) + Ug Uo tan dO = 0; (18) 
at this point we have @ = @,,, and the Mach number J before the shock is given 
by the relation 
‘ 2 209 
2 age uU9(9,,.) (19) 


y— 1 q2,c0s?0,,— u3(0,) 


The functions py and py are computed starting from the shock conditions by 
means of the relation (6) and the first integral p)p)” = const. The functions of 
index zero being known, the functions of index m are calculated, for an assumed 





uals) 


A, Dis 0, M m 

10° 0:37 80-056 1:05398 — 025869 
0-38 75-790 1-05639 0-84264 
0-39 71-640 1:07239 4-18764 
0-40 » 67-958 1-09481 18-293 

20 0-33 72-869 1-21221 — 0-16049 
0-34 70-477 1-21171 0-15595 
0-35 68-096 1-21866 0-61447 
0-36 65-787 1-23144 1-30671 
0-37 63-584 1-24873 2-42736 
0-38 61-500 1-26954 4-45732 
0-39 59-539 1-29315 8-93831 
0-40 57-697 1-31906 25-10423 

30° 0-31 69-419 1-48062 —0-04791 
0-32 67-763 1-48228 0-18019 
0:33 66-146 1-48959 0:47582 
0-34 64-577 1-50171 0-86948 
0-35 63-068 1-51792 1-41366 
0-36 61-622 1-53768 2-20664 
0-37 60-241 1-56053 3:45348 
0-38 58-924 1-58613 5:65570 
0-39 57-670 1-61418 10-41496 
0-40 56-477 1-64449 27-46310 

TABLE | 





value of m, by integrating the system (8), starting from the relations (14) which 
are valid for 0 = 0,,. The computation is completed when the value @, is reached; 
the value »v,,(@,) thus obtained is in general different from zero. The computation 
is repeated with the same values of ,, u9(#,) and y, and a different value of m; 
successive approximations are used to obtain the value of m for which »v,,(0,) = 0. 
We thus define the exponent m as a function of the angle 0,, the Mach number V, 
and the adiabatic constant y. The computations have been carried out with the 
help of the I.B.M. 704 electronic computer. The numerical integrations were 
made by the fourth-order Runge-Kutta method; the step length for the integra- 
tion was chosen to be equal to one-twentieth of a degree. 
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6. Numerical results 


In the computations, the adiabatic constant was taken to be y = 1-4. Three 
cones have been considered with #, = 10°, 20° and 30°. The results are given in 
table 1, the angles 9,, being expressed in degrees, and the results are also plotted 
in figure 2. 
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FicurRE 2. Variations of the exponent m for axially symmetric flow. 


7. Comparison with the results for plane flow 


In the case of plane flow it is possible to calculate the exponent m by means of 
formulae in finite terms (Cabannes 1951a). In the cross-sectional plane of the 
wedge the axis of symmetry of the wedge is taken as the polar axis and 0,, is 
the angle between the shock and the polar axis. The equation of the shock in 
the neighbourhood of the vertex of the wedge can be written, in polar co- 
ordinates, in the form 0=0,,+Ar™+.... (20) 


The exponent m is implicitly defined as a function of the wedge angle @,, the Mach 
number M and the adiabatic constant y by the formulae 
a. a 
4sin (0,,,—86,) cos (8, —9,) 2 
tan ¢@ = Atan (0,,,—9,), 


1 ‘ Y 
sient ,—0,) cos (0, —9,) |* 
1— A2 sin (4, 4.) cos ( w 0.) 


1 —1 
i tan @,,.— z > tan (9,,—9,)} ; 
; __tan®, | 
a(y + 1) tan (6. ~ 0.) es +(y oF 1) tan by 
Thirty-five cases have been computed with y = 1-4. The results are presented 
in table 2. 
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6, 6, M m 
10° 67° 26’ 1-4210 0-0000 
67° 1-4211 0-1349 
66° 1-4226 0:5536 
65° 1-4255 1-2697 
65 1-4297 2-8570 
63° 1-4354 14-7041 
62° 52’ 1-4363 00 
20° 64° 54’ 1-8400 0-0000 
64° 30’ 1-8402 0-1915 
64 18411 0-5080 
63° 30’ 1-8426 0-9472 
63° 1-8447 1-5999 
62° 30’ 1-8474 2-6812 
62° 18507 4-8916 
61° 30’ 1-8549 13-6217 
61° 19’ 18591 0 
30° 64° 48 2-5192 0-0000 
64° 40’ 2-5193 0-1357 
64° 30’ 2-5195 0-3362 
64° 20’ 2-5198 0:5757 
64° 10’ 2-5203 0-8661 
64° 2-5210 1-2255 
63° 50’ 2-5218 1-6819 
63° 40’ 2-5228 2-2792 
63° 30 2-5239 3-0979 
63° 20’ 2-5252 4-2893 
63° 10 2-5266 35-3123 
63° 2-5282 9-8407 
62° 50’ 2-5299 20-6164 
62° 43’ 2-5312 20 
40° 66° 4-4473 0-0000 
65° 55’ 4-448] 0-5369 
65° 50’ 4-44.92 1-0597 
65° 45’ 4-4504 2-2032 
65° 41’ 4-4514 00 


TABLE 2 
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A study of the behaviour of a thin sheet 
of moving liquid 


By D. R. BROWN 


The British Iron and Steel Research Association, South Wales Laboratories, Swansea 
(Received 10 March 1960 and in revised form 25 October 1960) 


An investigation has been carried out on the behaviour of a thin sheet of liquid 
in connexion with the new method of lacquer application known as ‘curtain 
coating’. A method is described for measuring the velocity of the sheet and an 
equation deduced for calculating this for a liquid of any viscosity. The minimum 
liquid flow rate required to maintain a stable sheet is discussed, and some effects 
of the impingement of the sheet on a rapidly moving surface are described. 





1. Introduction 


When considering the possible methods of applying protective organic coat- 
ings at high speed to continuous steel or tinplate strip, the relatively new process 
of curtain coating appears very attractive. This process as used at present, for 
example in the furniture trade, consists of pumping the coating material from a 
supply tank to a precision built head which has a narrow slot along its lower 
face; the liquid passes through this slot and is formed into a continuous sheet or 
curtain which falls on to the work pieces as they travel underneath. The coating 
weight applied varies with the speed of travel of the article through the curtain. 
For further details of the process see Stein & Podmore (1959) or Bardin (1958). 

It was observed that in order to maintain a stable curtain, the rate of flow of 
liquid through the slot must be above a certain minimum value, hence tending to 
limit the process to application of thick coatings at reasonable speeds. One 
objective of this investigation was to determine the physical factors on which 
the minimum flow rate depends, as well as to study the general behaviour of a 
liquid in this rather unusual form of a thin moving sheet. 

Some interesting work on the disintegration of liquid sheets has recently been 
carried out by Taylor (1959) and also by Dombrowski & Fraser (1954) and Fraser, 
Eisenklam & Dombrowski (1957), the latter in connexion with the production of 
efficient sprays for use in chemical and combustion engineering and agriculture. 


2. Experimental technique 


The investigation fell naturally into three parts: a study of the behaviour 
of the liquid in the slot, in the curtain itself, and finally as it impinges on a rapidly 
moving surface. To study these an adjustable slot of 12 cm length was constructed 
and a system for pumping liquid through it built up as shown in figure 1. The 
arrangement was such that the curtain could either fall on to a stationary trough 
conveniently shaped to allow the liquid to be collected in a flask, or on to the 
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FicuRE 1. Apparatus for producing the liquid curtain. 
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surface of a roll which could be rotated at peripheral speeds up to 600 cm/sec, 
and fitted with a scraper blade to remove the liquid. 

The liquid used in this work was a lacquer with high solids content, which was 
thinned to the required viscosity with a high boiling point solvent such as diace- 
tone alcohol. By use of this material a 10: 1 range of viscosities was conveniently 
available. The viscosity was measured by a Ferranti rotation viscometer reading 
directly in poise and the surface tension by a Cambridge Du Noiiy tensiometer 
calibrated in dyn/cm. As the density of the liquid, determined by a hydrometer, 
was approximately unity, no more precise measurements were considered 
necessary and this value was assumed throughout. 


| F Liquid 
| curtain 












Camera _| 
lens 


Photographic plate 


FIGuRE 2. Optical system for the velocity measurements. 


The flow rate and pressure drop across the slot for various slot widths and 
liquid viscosities were measured, and also the velocity of the liquid flowing in the 
curtain under various conditions. Some observations of the behaviour of the 
liquid as it impinged on the moving roll surface were recorded photographically. 

The flow rate was determined by weighing the liquid collected in a weighed 
flask in a measured time, and the pressure drop by means of a Bourdon gauge 
calibrated against a mercury manometer, or for the lower pressures by means of a 
water manometer. The slot width was determined using a feeler gauge. The 
method used to measure the velocity of the liquid in the curtain was to photo- 
graph small air bubbles carried down with the curtain via a rotating plane mirror 
whose axis of rotation was in a vertical plane parallel with the curtain. In this 
way curves were obtained on the photographic plate, and from their slope the 
velocity of the bubble was calculated. This optical system is shown diagrammati- 
cally in figure 2 and typical photographic traces, which are effectively graphs of 
distance against time, are shown in figure 4, plate 1. The mirror was very care- 
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fully mounted on a platform running in ball-races and driven at approximately 
4r.p.m. by a geared motor, the essential object being to obtain a smooth rotation 
at constant speed. Attached to this platform was a cam arranged to trigger a 
relay which operated the camera shutter at the appropriate instant. The bubbles 
were illuminated by two photoflood lamps carefully arranged so as to produce 
traces that were as clear as possible, and in order to reduce the distortion on the 
plates due to the curved path of the image (as can be seen from figure 2) the object 
and image distance were made as large as possible compatible with the supple- 
mentary camera lenses available. By ensuring that the mirror and camera were 
correctly set up and aligned, a horizontal reference line was also traced on the 
plate from a small suitably illuminated object. Measurements were made 
directly from the plates using a Cambridge Universal Measuring Machine. As a 
check on the method, some photographs were taken of a ;; in. steel ball-bearing 
freely falling from rest in air, an example of these being shown in figure 3, plate 1. 
The velocities at various depths obtained from the slopes of these traces were in 
close agreement with calculated values. 


3. Results and discussion 
3.1 Properties of the liquid 
The density p of the liquid was 0-98 g/cm? and is taken as unity for the purpose of 
the following calculations. The surface tension 7’ was measured to be 30 dyn/cm. 
As explained above, the viscosity 7 was varied over a wide range during the 
experiments. “ 
3.2 Pressure and flow-rate measurements 

For the range of viscosities, the pressure drops p required to achieve certain mean 
velocities wu of the liquid through the slot (depth L) for various gap widths b 
were found to be in good agreement with values calculated from the following 
equation (see Lamb 1932, p. 582), which applies to the steady flow of liquid 


between two parallel planes: 127Lu 

eed” ae (1) 
In the present case = 0-9cem. Expressing the velocity in terms of the mass flow 
rate Q per unit span in g/sec per cm, and writing p’ for the pressure measured in 


em of mercury, we have nQ 
p' = 81x 104*—, (2) 
pb* 


with 7 in poise and 6 in cm, and with p = 1. 

Thus, knowing the dimensions of the slot, assuming it has parallel sides, we 
can obtain the flow rate directly from the pressure drop across it for a liquid 
of any viscosity and density. The presence of the curtain does not significantly 
affect the behaviour of the liquid flowing through such a slot. 


3.3 Velocity measurements 
Some traces obtained by the rotating mirror method are shown in figures 3 and 
4, plate 1. Figure 3 shows the trace of a freely falling ball-bearing, and figure 4 
typical bubble traces in curtains of low and high viscosity liquid, the slot velocity 
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in these latter cases being similar. Comparison of these photographs shows that 
with a liquid of low viscosity the velocity at a given depth is approximately that 
which would be expected from free fall under gravity, but for higher viscosities it 
is lower. 

This difference at higher viscosities is shown more clearly in table 1 where the 
velocity as measured at a depth of 5cm below the slot is compared with that 
calculated assuming free fall with an initial velocity equal to that of the liquid 
in the slot (the mean slot velocities were calculated from the flow rates and slot 
widths). To determine more generally the magnitude of this viscosity effect, 
the velocities wu at various distances x below the slot were measured from the 

















FicurE 5. Graph of curtain velocity against distance from the slot; 
x , experimental results; —-—-, free-fall parabola. 


plates, and the values converted into the dimensionless forms U and X respec- 
tively by use of the following expressions (see Appendix): 


“ae 2 , 

U= FA u, (3) 
i ; ho 
A FA gex. (4) 


The curves of U against X obtained from these figures were of the form shown 
in figure 5, which is for the particular case of a liquid of viscosity 2-6 poise passing 
through the slot with negligibly small velocity. These curves agree closely with a 
curve Maruo (1958) obtained by numerical solution of Sir Geoffrey Taylor’s 
equation for a falling sheet of viscous fluid, equation (12) in the Appendix. The 
curve corresponding to free fall from rest, i.e. 


U2 = 2X, (5) 
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was then superimposed on these experimental curves and found to coincide in 
general with them, for other than small values of X, after displacing its origin to 
X = 2, and making due allowance for the initial slot velocity. This curve is shown 
as the broken line in figure 5. This means that the velocity attained by the liquid 
in the curtain after travelling a distance z is that which would have been attained 
by a body falling freely through a distance (X — 2). Converting into cm, we have 
that this equivalent distance x,,,;,, is less than the true distance a travelled by 
siesiaiaasin ®— equiv. = 2(4n[p)ig-> = 0-5 (y/p)3. (6) 
Thus the velocity u at a depth 2 in the curtain for a liquid passing through the slot 
with a mean velocity uw, can be expressed by 


u2 = ur + 2g [a —0-5 (y/p)3]. (7) 
Some values of wu calculated from equation (7) for x = 5 are given in table land 
can be seen to agree quite well with the experimental values. 





Velocity at 5 cm below slot 





(cm/sec) 
—— a _ 

Calculated Qu at base 

Slot Mean slot from of curtain 

Viscosity width velocity Experi- Assuming equation (17-8 cm 

(poise) (mm) (cm/sec) mental free fall (7) long) 

1-2 0-6 18 96 101 95 200 
1-5 0-6 56 110 114 108 645 
1-95 0-2 38 100 106 99 142 
2-0 0-2 47 109 110 102 177 
2-6 0-6 18 97 101 91 197 
2:7 0-3 33 93 104 95 183 
2-8 0-3 13 87 100 90 71 
3°45 0:6 6 86 99 87 65 
3-7 1-5 5 86 99 86 136 
5-3 1-5 12 85 100 83 322 
9-9 0-6 8 75 99 73 85 


TABLE 1 





3.4 Flow rate and stability of curtain in contact with a moving surface 


For a free edge of a thin sheet of moving liquid to exist, equilibrium must be 
maintained at the edge between the surface tension and the inertia forces of the 
liquid. Let AB (figure 6) represent such a free edge between a liquid and air. 
Considering a unit length CD of the edge whose thickness is ¢, let the velocity of 
the liquid at the boundary in the direction normal to AB be wu. The mass of liquid 
arriving at CD per second is Q, and its momentum pu*t (since Q = put). As this 
momentum is destroyed at the boundary there is a resultant force put, which for 
equilibrium must be balanced by the surface tension force; i.e. 


put = 2T, (8) 

or Qu = 27’. (9) 
These equations give the limiting condition for ‘stability’ at any point in the 
curtain, in the sense that if a free edge appears by the formation of a hole in the 
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curtain, then if Qu is greater than 27 such a hole will not grow but will be carried 
away with the curtain, whereas if Qu is less than 2T it will grow and disrupt the 
curtain. 





p wt 


FIGcurRE 6. Forces at free edge of liquid sheet. 
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Ficure 7. Breaking of the curtain round an obstacle. 


The theory may be illustrated by introducing an obstacle such as a rod into 
the curtain and making the liquid flow past it as indicated in figure 7. The com- 
ponent of the velocity, across unit length of the boundary EFG, at any point is 
usin 0 (where w is the velocity in the vertical direction); and hence, from equation 


(9), sin@ = 27'/Qu. 


In the limit, i.e. when 0 = 90°, we have again Qu = 27. 
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That Qu should be greater than 27’ near the line of impingement of the curtain 
with some object is illustrated by the figures in the last column of table 1; the 
runs in this set with viscosities 2-8, 3-45 and 9-9 poise being with the flow rate 
near the minimum value (27' = 60). For the curtain to be completely stable, 
that is, free of any tendency for holes to appear spontaneously, Qu must every- 
where be greater than 27’; it was found, however, that a curtain in which Qu was 
less than 27' over a limited region near the slot could apparently remain intact, 
though clearly any hole formed in this metastable region will grow and break the 
curtain. 

By allowing the curtain to fall on to the rotating roll, it was found that under 
suitable conditions a continuous film could be uniformly laid down on a rapidly 
moving surface. These conditions are as follows. 

(i) For a moderate length curtain such as would be employed industrially, 
the value of Qu should be greater than 27’ near the line of impingement of the 
curtain with the moving surface, since otherwise the disturbance of the flow at 
the point of impingement will break the curtain. 

(ii) The curtain should be protected from air currents carried along with the 
moving surface. Figure 8 (a), plate 2, shows the film being disturbed by such an air 
current, and figure 8 (b) how this can be obviated by the presence of a screen held 
in contact with the surface immediately behind the curtain. The sharpness of 
the line of contact of the curtain with the moving surface is remarkable, as can be 
seen in figure 8(b), and it seemed little affected by the speed of the surface up to 
600 cm/sec; at lower surface speeds the air disturbance was less obvious, as might 
be expected. 

(iii) The impingement velocity of the curtain should be above a certain value 
(of the order of 130 cm/sec) which is apparently independent of the speed of the 
surface. In figure 8, plate 2, the impingement velocity was 140cm/sec, but on 
reducing this to 100 cm/sec, by decreasing the curtain height, it was not possible to 
obtain a sharp line of contact on the moving surface. This is shown in figure 9, 
plate 2. Under these conditions the air screen had little effect. 


4. Conclusions 

(i) A thin curtain of liquid produced by pumping the liquid through a slot 
suffers from inherent instability in the region near the slot unless the velocity 
everywhere outside the slot is greater than 27'/Q. This instability can be avoided 
by sufficiently increasing the flow rate. 

(ii) Small-scale experiments indicate that it is possible to lay down a thin 
continuous film of liquid on to a rapidly moving surface from a curtain which 
may be in a metastable condition over a limited region near the slot. 


The author is indebted to Sir Geoffrey Taylor for considerable help and en- 
couragement in carrying out this work. 
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(a) (b) 


FIGURE 8. Effect of the ‘air screen’; curtain falling on to a surface moving at 500 em/sec 
with an impingement velocity of 140 cm/sec. 








(a) (b) 
FigurE 9. Effect of reducing the impingement velocity of the curtain; curtain falling 
on to a surface moving at 500 cm/see with an impingement velocity of 100 em sec. 
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Behaviour of a thin sheet of moving liquid 


Appendix Calculation by Sir Geoffrey Taylor 


When the liquid comes down from the slot, the velocity of the flow increases 
according to the acceleration of gravity. If only the inertia of the liquid is taken 
into account, the velocity is proportional to the. square root of the distance 
through which the liquid has come down. Since the flux through any section of 
the jet must be constant, a contraction of the jet is observed which gives a defor- 
mation of the liquid resulting in a viscous stress. This stress has an effect upon 
the velocity of the flow and may be calculated as follows. 

Taking the x-axis in the direction of the flow, we have that the stress compon- 


nents are 4 
xX +2 bs 
a =-—)p 2 ~ aaa 

= s 7 Cx y 


where p = — 3(X,+Y,,+Z,) is pressure and it is assumed that W= 0 everywhere, 
because of the guide wires. If the effect of surface tension is neglected and it is 
assumed that everywhere u > v, then Y, = const., so that, if the atmospheric 
pressure is po, Y,, = — po. Since 


then 


Let the thickness of the sheet be ¢ at a depth x from a fixed level. Then 
put = Q = const. (11) 


The equation of motion becomes 


C C 
— mn (00) 4-toe, 
a, ay | x) +tpg 


or, on substitution of (10) and (11) and division by Q, 
ou 4n0 (lo 
So (; *) 49 
Cu =p Ox \ucx} u 


This equation can be put into non-dimensional form by substituting the following 
expressions: 1 2 
4ng\3 4n\3 
u= (=) U, «= (7") g 3X. 
P p, 


On rearrangement this gives 
d (1dU 1 dU 
hall ellen neat Aion 
dx (sax) U dX 
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Slow flow past ellipsoids of revolution 


By D. R. BREACH 


Department of Mathematics, University of Melbourne* 
(Received 28 June 1960 and in revised form 11 November 1960) 


The results of Proudman & Pearson (1957) for a sphere are generalized to apply 
to all ellipsoids of revolution both prolate and oblate. 





1. Introduction 


The two classical methods, those of Stokes (1851) and Oseen (1910), for finding 
approximations to viscous streaming at low Reynolds numbers have both been 
applied to the problem of determining the flow past an ellipsoid in a uniform 
stream. By using the first method Oberbeck (1876) obtained a first approximation 
for any ellipsoid at any orientation to a uniform stream. For the particular cases 
of bodies with rotational symmetry about an axis parallel to the stream the 
results can be expressed in terms of a Stokes stream function, y. Thus, for a 
prolate spheroid of eccentricity e and with semi-major axis of unit length in a 
stream of velocity U’, Oberbeck’s result becomes 





(r? — e?) — . 





sin?@, (1.1) 





e—4(1+e?) log (*)| 


where (7, 0, f) are prolate spheroidal coordinates. Oseen’s method was applied by 
him to many similar cases the results for which are collected in his book of 1927. 
This paper gives the results of attempting to find higher approximations for 
slow flow past ellipsoids of revolution by a technique which combines Stokes’s 
and Oseen’s methods. This technique has been used by Proudman & Pearson 
(1957) and Kaplun & Lagerstrom (1957) to obtain higher approximations to 
the flow past a sphere and circular cylinder. 

The Stokes approximation breaks down in the outer region where the neglected 
inertia terms are comparable in magnitude with the retained viscous terms. On 
moving away from the body this region is reached when Rr = O(1), where Ris the 
Reynolds number. In the technique mentioned above the co-ordinate system is 
then strained by taking new variables p = Rr and Y’'(p,cos@) = Ryr(p, cos 8). 
‘ is chosen so that there are no first-order terms in R# in the transformed equa- 
tions of motion. Expansions of the forms 


4 


E f,(R) y,(r,cos?) and Y= > F(R)¥,(p,cos8), (1.2) 





n=0 n=0 
, fnii(R) Fiy1(R) 
where f,(B) +>0O and F(R) >0 as R-O, (1.3) 


* Now at the Department of Applied Mathematics, University of Sheffield. 
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and F, and f, can be taken as bounded for small FR, are assumed for yy and ¥’. 
These are called the Stokes and Oseen expansions, respectively, after the leading 
terms in each. The no-slip condition on the body partially determines the 
y,. The condition that the solution must tend to the uniform stream far out 
partially determines the Y’,,. The yy,, and ‘V’,, are completely determined by match- 
ing the expansions (1.2) in orders of R as p becomes small and r becomes large. 
For this matching to be possible there must exist a region where the Oseen 
expansion and the Stokes expansion overlap. The existence of such a region is 
discussed by Kaplun & Lagerstrom (1957). 

For a prolate spheroid with its axis along the uniform stream the following 
results in terms of non-dimensional variables have been found 





, 2 \ p2 2 

Y= 3p°(1 — 4?) — R= {1 —exp[— 2p p(l—y)]}} (1+) + O(R?) (1.4) 

yp — fa B 2log B\ fee 2) Pr, BU +e) p 2 

and ak ls ie log R= \(" —e*)— a be Vi(r/e)) A —-#*) 
+R » Xom(T; € €) Uy,,(u) + O(R?), (1.5) 

m=1 
= 

where B= 2469 (1 + e”) log (; *) -2¢| ‘ (1.6) 


jt = cos@ and the Reynolds number, R, is Ua/v, where v is the kinematic viscosity 
and a is the semi-major axis of the ellipsoid. The functions U,,(x) and V,(x) are 
defined by 


U(x) = | P,(y) dy and V, (a) -| Quy) dy, (1.7) 
1 x 
where P, (y) and Q,,(y) are Legendre’s functions of the first and second kind of 


the nth degree. xi is a complicated function of r and e which is O(r-?”**) for 
large r. Its structure is given more explicitly below in §4. 


2. The equations of motion and the Oseen terms 
Prolate spheroidal coordinates are related to rectangular cartesian coordinates 


by the equations t= 4 —d*) sin 0 cos ¢, 


= ,/(r?—d?)sin Osin ¢, (2.1) 


= rcos8, 


* 


Co 


where 7 is the semi-major axis of the prolate spheroid which passes through 
(a, y,z) and 0 is the eccentric angle of that point with respect to the ellipse in which 
a plane through the axis of symmetry cuts the spheroid. ¢ corresponds to the azi- 
muthal angle of spherical polars. The spheroids are confocal with foci (0, 0, +d). 

If the flow under consideration is that past a stationary prolate spheroid of 
semi-major axis a and eccentricity e with its centre at the origin and its axis of 
symmetry parallel] to an otherwise undisturbed uniform stream of velocity U, 
then non-dimensional (primed) variables can be defined by 


/ Rs 


r=ar, w=@Uy', w=p’. (2.2) 
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Further, if the foci of the ellipsoid coincide with the foci of the coordinate system 
then d = ae. The Navier-Stokes equations for incompressible, steady, viscous 
flow then yield, on dropping the primes and introducing a new dependent 
variable 1, 





Ee yy = — (r? —e?) (r?— e2u?) (1 — pe?) 1 (2.3) 
A), 
and E2] = RLY Jj (2.4) 
o(r; #) 
i EF gh 2) © 2 
where r= (7 —€ rat (1 — *) One (2.5) 


and E? is the adjoint operator 
s i P . 


4) C 
co el (ph _ie a. 2.6 
(r? —e*) —. + ( Manat t~ bx (2.6) 


The variables in these equations are called Stokes variables. The dependent 
variable 1 which has been introduced for convenience in solving the equations of 
motion can be identified physically as the vorticity at a point divided by the 
distance of that point from the axis of symmetry and may thus be called ring 
vorticity strength. It will have an expansion of the form 


= ¥ f,(R)la(r.m). (2.7) 


n=0 


If the Oseen variables, p, L, ‘t given by 
p=fr, Y=“ RY, L=!l (2.8) 


are used then the equations of motion become 





oy’ Oy’ 
(p?- Re?) apt + (1 — pl?) A a oe (p” — Re?) (p? — Re?) (1 — pl) R-2L (2.9) 
eL ab eb ob aL) 
and pe ap 4g i we 2.10 
(f ap a ( aay Ma Siew (2.10) 


By noting that terms in Re? in (2.9) and (2.10) may be neglected if a solution 
correct to O(R) in # is sought, the analysis for the first two Oseen terms reduces 
to that for the sphere case. The constant B appears in (1.4) as a result of matching 
with the Stokes expansion. The Oseen terms will therefore not be further discussed. 


3. The leading Stokes terms 
If f,(R) = 1 then from (1.2), (2.3) and (2.4) an appropriate general solution for 
I, finite on 4 = + 1 and bounded for small R at large values of r is 


_ = Bah G ‘ 
o> 3 aap) aie 


where 7 = re~1 and the B, are constants. By use of the recurrence relationship 


(2n-+1) WU, (1) = (+2) Uy .a(e) + (n— 1) T,_4() (3.2) 








Cy a ee 1 AR SS eo 
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and the variation-of-parameters technique this leads to 





ee eee eee 
7 2, . rn J Nees olen <r —¢ SS : 1) 
+ = ae 3) -B, | ; ai . ‘ae|} *(n+1)2U,(u), (3.3) 
where vn (rT) = | i Tey iale) ‘ie 
unr) = [7 =a ag 


and B, = B_, = B_, = 9. 
This satisfies the boundary conditions y = y, = 0 on r = 1. Beeause of the 


behaviour of V,,(7) at infinity the integrals v"(7), u2(7) and | [V,,(x)]? da are con- 


7 
vergent as T—> 00. The integrals u?, u7? and U,(x)V,,(2)dx are of orders 


e-1 
log 7, 7? and 7”, respectively. However, in (3.3) they are multiplied by V,,(7) which 
is O(7-") and therefore far out the product of V,,(7) and its cofactor in (3.3) is 
O(7-*+4), 

When the integrals in the cofactor of U,,(7) in (3.3) are evaluated at their 
upper limits the result is a function which is O(7-2”*!) for large 7. When this is 
multiplied by U,,(7), which is O(7”*!), the resulting contribution to wW, is a term 
O(7-”**) and this is not large enough to affect the matching process. However, 
when the integrals in the cofactor of U,,(7) are evaluated at their lower limits 
the result is a constant. This implies that if y%) is expressed in Oseen variables 
then the function U,,(7) with its cofactor will contribute a term O(R-"*1) to ¥. 
But Y = O(1) for small R. Therefore the constant must be zero for n > 1. Hence 

B 2V;,( 0) 2B, (00) By. 2p (0) 


“N+2 °n 


(2n+5)(2n+3) (2n+3)(2n—1)° (2n—1)(2n—3) 


—B, "i ac ia =0 (n>2), (3.4) 
since all the integrals vanish at the upper limit if that limit is infinite. 

Clearly the infinite set of linear equations (3.4) can be divided into two inde- 
pendent subsets, one involving all the odd B,,’s only and the other involving all 
the even B,,’s only. The set for the odd B,,’s is not complete because the contribu- 
tion of Y, to y, namely 4r?(1— 7), has not yet been matched to O(1) in R with 
Yo. When this is done a further equation for B, and B, is obtained. This is 


| ” ((522—1)V,(2) By— Bi" Hee (3.5) 
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When the help of the recurrence relationship (3.2), which is true in general for 


V,(7), the case n = 1 being exceptional, it can now be shown that for the odd B,,’s 


B m—-1 = (28)! (48+ 5 
Bomiy = (2m + 2) (2m + 1) (4m +3)[G-u a» erates -— te 
s=0 \“ * %2m+1 


> 


where M = a {(5a? — 1) Vj(x) — 4V,(x)} ai da —e?, 


An investigation of the convergence of the odd terms of J, shows that the only 
solution which remains bounded in the field of the flow is that for which WV = 0. 
It then follows that 


B 
3,=eB and B,y,,,, = (2m+2)(2m+1)(4m+3) - (3.6) 


A similar investigation for the even B,,’s shows that the only possible solution to 


fit the physical conditions is 7 (3.7) 


The cofactor of U,,(r) in (3.3) then vanishes identically for n > 2 by (3.6), (3.7) 
and (3.2). The same is true of the cofactor of V,(7) (n > 2) and by the special case 
of the recurrence relationship for V,(7) when n = 1 it is found that 


i. ~~ 2s papas o 
i= 3 fete) FE (I +e*) hirle) (1—y*), (3.8) 


which, since 


agrees with Oberbeck’s result (1.1). Further, as e > 0, B > 9 and e—'V{(7) > 4, 
so when the eccentricity is zero and the body is a sphere (3.8) simplifies to the 
classical Stokes result, 


opt Gen bidps 
Yo = 5 (2 ar+7) (I ht’). (3.9) 


4. The second Stokes terms 
If it assumed that /,() = R then the equation for /, is 


a alr/ 
p21, = (o') (4.1) 


If y% = T(r) (1—,?) then the Jacobian in (4.1) can be written 


= Wom (T) Usm(/) 
DY 2m(2m +1) (4m+1) 2 2m 
6e? a1 nail nian ) 21) (1 — 22)’ 


d { rT(r) - d 
7 5 Pie 8: 7 7 
where Wan (T) — 2(7 1) Von(T) dt fe = it a5 Vom(T) dt 





{(7?— 1) T(7)}. (4.2) 


The appropriate general solution for /, is then found by variation of parameters to 
be 


7 U, 
L= CAVal0) + Fa) aa ta 


(4.3) 


n=1 
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where C., is a constant and Y,,(7) is such that 


B { u W, (x) V (x) 
Y, ” 2 2 ‘ 2m 2m 
om(T) 6 (2 2m)? ( m+1) ails ig wh? |" (a? — 1) dx 
bi Way, (a om\ ) 
Von(T) + dx 
and Yonii(T) = 9. (4.4) 


For large 7, Y,,,(7) = O(r-2™+2), 
The general solution for 7, satisfying the boundary conditions on the body is 
then 





Y= z= 5) 2 9 3 
n=1 n+5)(2n+3)  (2n+3)(2n—1) 


nan (T) FUT) _ Gy [7 Unl@P g 
"~ (2n—1) (2n—3) -¢, icine 

V ( ) Cn49U(7) + on (7) _ 2C,, u? (7) + 2(7) 
a (2n + 5) (2n +3) Sea Gas) 


te in| 27) +Yn(7)_ 2C,,0n(7) + 2yn(r) 


Cn-a%GcXr)+25%0)_ oy (? gle )Valt) a Ni seen « 80 
i (2n — 1) (2n—3) -¢, | : n(n +1) ie|)n (n+ 1)?U,(w), (4.5) 


; 
where Yn(T) = [ = Finl®) gy 


7 € 


(rT UL (a t) ¥,,(%) " 


ae ar Pa 
and C, = C_, = C_, = 0. 

As in yf, the constant arising from the evaluation of the integrals in the co- 
factor of U,,(7) in (4.5) at their lower limits must be zero for otherwise yy, would 
contain terms O(7?”-!) and would therefore contribute terms O(R-?”**) for small 
R to ¥’. This again leads to two infinite sets of linear equations for the constants 
C,,, one for the odd C,,’s and one for the even ones. For the latter the only solution 


n? 
for which J, remains henaied near the body is given by 


C __ (2m +3) (2m + 2) (4m +5) 
am+2 (2m +1) (2m) (4m+1) ~" 
(2m+3)(2m+2)(4m+5) _, 
em — 5,2 9( 00 
Yam( 0) + (2m +1) (2m) (4m + 1) Yam-+2( 0) 
and of” Me x) da = —y§( 00). (4.6) 


By definition Y,,,,,(7) = 0 which means that the odd C,,’s satisfy the same 
equations in general as do the odd B,,’s in yp. There is a further equation for B, 
and B, which comes from matching the term in p? in 7, when expressed in Oseen 
variables with the term in p? in F,(R) ‘V;. This gives 


C, | ” (842 — 1) V, (x) da —20,03(00) = Se2B. (4.7) 
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It is then found that the only solution for the odd C’s is 


eB? C, 
C= rm’ and (C,,,4, = (2m+2) (2m+1) (4m+3)—. (4.8) 
The equation (4.5) then becomes 
B Br B 1+e) 7, » , 
i= 48 (r? a e?) =a 6 + etey 1(7/€) (1 (1—p?) + a Xo,(7, e) U5,(4), (4.9) 
m=1 


where X,,,(7, €) stands for the coefficient of U,,,(~) in (4.5). 


5. The third Stokes terms 


Proudman & Pearson in their treatment of the sphere case show that the 
assumption f,() = R* leads to a particular integral for y, containing a term in 
r?logrU,(u). They infer from this that the assumption about f,(R) should be 


amended to f(R) = R@log R (5.1) 


and that yf, is then a multiple of yp. It is easy to show by differentiation that if 
the particular integral for yy, contains a term in r? log rU,() then this term arises 
from a term in r~?U,() (1—?)-1 on the right-hand side of the inhomogeneous 
equation for /, and only from a term of this form there. This suggests that in the 
present case it is necessary to expand the epiriess side of 


ne (Wort) , Xr 40) rm 

Bia Feay TED — 
(which equation arises if f,(R) = R?) in powers of 7 and to select the term in 
T?U,(“) (1—y?)—1, a knowledge of whose numerical coefficient enables one to 
determine what multiple of yy, the term yy, must be. 


On performing the expansion it is found that the right-hand side of (5.2) con- 
tains the term _B® U,(n) 


120e?7? (1 — y/?) 
and therefore, if f,(R) = R?, the general solution for y, will be of the form 








(5.3) 


other functions of 7 and 7 not involving 
the combination 7? log 7(1 — 7) ; 
(5.4) 


D,U,(T)- — “logr} (1 —p*)+ +| 


where D, is a constant. 

But when this is expressed in Oseen variables it will contribute a term of order 
Rk? log R to ¥ and there are no such terms in the expansion of ¥’ for small p. 
If there were such terms there would be terms of order Rlog R in L and these 
terms could not be matched since there are no terms of order FR log R inl. Therefore 


e2B? 
Dy = ~ 555 log R+O(1) (5.5) 


and it must be assumed not that f,(R) = R? but that (5.1) holds. y, is then a 
multiple of yy) and by (5.5) 


B Br B(i+e?) 
= 2 a 
Yo 720 (r?— e”) 6 +> 6 





V(r/e)\ (1p). (5.6) 





o~—! ss me OOM lM tO Oe 
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6. Oblate spheroids 

The equations of motion for an oblate spheroid can be derived from those for 
the prolate case by replacing r with ir. The appropriate general solutions then 
involve U,,(i7) and V,(i7) which, from considerations of parity, are either real or 
purely imaginary. The boundary conditions on the surface of an oblate spheroid 
will be slightly different from those in the prolate case if the original definition 
of the Reynolds number is to be maintained throughout. The major axis of the 
axial section of an oblate spheroid is normal to the axis of symmetry whereas 
in the prolate case it is coincident with it. The member of the confocal family 
whose semi-major axis is unity is specified by r = ,/(1—e?) and consequently the 
boundary conditions on the body become 


I, 





p= 0 on r=,/(1l-e?). (6.1) 
or 

e B (prolate) b (oblate) 
0-0 9-00 9-00 
0-1 8-96 8-99 
0-2 8-85 8-96 
0-3 8-67 8-93 
0-4 8-40 8-85 
0-5 8-04 8-76 
0:6 7:56 8-64 
0-7 6-95 8-50 
0-8 6-13 8-32 
0-9 4-96 8-09 
1:0 0-00 7-64 


TABLE 1. Values of B and b. 





With these modifications the analysis can proceed as before to give 


1 br ib... 
Ho = 5 (02+e)— G+ Zhen} 1-2’), (6.2) 
=3 
where b= 12640 4/(1 —e?) + (2e?— 1) arctan im ; (6.3) 


When e > 0, b — 9 and the Stokes result is recovered as before. 

One can proceed to higher approximations as in the prolate case the only 
essential difference in the analysis being the value of the constant b and the change 
in the lower limits of the particular integrals in the Stokes solutions due to the 
change in boundary conditions on the surface. 

It is of some interest to calculate the constants B and 5b, for these give a rough 
indication of the degree of departure of the flow from that about a sphere taken 
as a norm. Values of B and b are given in table 1. 
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7. The drag coefficient 

By observing that y, is a multiple of yy, and that y, consists of a multiple of y, 
plus a function which is odd in ~ and which therefore makes no contribution to 
the drag, the calculation of the drag coefficient C, is greatly simplified. It is 
found that for the prolate case 


_. Ses BR | e at 
Co= (i aR 24 + 360 ot log R+O(R ) (7.1) 
and for the oblate case 
2b bR BP 
Y = — 2 2 9 
C, eI ort agp Rtlog R+O(R ). (7.2) 


The first two terms in each of these were given by Oseen (1927). 
The oblate case e = 1 corresponds to a circular disk broadside on to the stream. 
If e > 1 in (7.2) then the drag coefficient for this disk is 


Big tae SR? 


Q = “- R | 


3 log R+O(R? . (7.3) 

For prolate bodies the case e = 1 corresponds to a needle of length two units 
lying along the axis of symmetry. From (7.1) the drag on this needle is predicted 
to be zero. This is a rather surprising result for it implies that although the fluid 
is brought to rest along a finite line segment by the imposition of the boundary 
conditions this has no effect on the uniform stream as a whole. Looked at in 
another way this means that any number of these needles could be placed in and 
parallel to a uniform stream without disturbing it. Of course, this needle is a 
highly idealized case, being an entity of finite length but no breadth. Further, 
for a body whose greatest diameter is comparable with the distance between 
neighbouring molecules of the fluid, the original equations of motion can scarcely 
be expected to hold but should be replaced by equations taking into account 
the properties of the medium considered as a collection of particles rather than 
as a homogeneous fluid. 


This work was done with the aid of an Australian Commonwealth Post- 
Graduate Research Scholarship and a Research Grant from the University of 
Melbourne. I am particularly grateful for the impetus and inspiration given by 
Dr A. F. Pillow in the earlier part of my research period and for the criticism 
and advice given by Dr W. W. Wood later on and, more recently, by the referees. 
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REVIEWS 


Non-Newtonian Fluids. By W. L. Wizxrnson. London: Pergamon Press, 
1960. 138 pp. 37s. 6d. 


The need to study and explain the behaviour of anomalous, or non-Newtonian, 
fluids has been evident for many years. Nevertheless this study has so far 
remained almost a backwater of mechanics, and finds no place in formal teaching 
courses. This has been largely because of the great difficulties inherent in the 
mathematical formulation of the behaviour of any non-Newtonian fluid system: 
lack of a suitable theoretical background has hampered the systematic collection 
of experimental evidence on which the validity of any theory must ultimately 
rest. 

The situation is further complicated by the enormous range of types of anoma- 
lous behaviour that have been observed, and by the variety of effects that result. 
The distinction between solids and fluids ceases to have any clear-cut significance. 
Hence categorization and suitable specialization become problems in themselves. 
This circumstance cannot be avoided by any author attempting to treat the 
subject, even though the normal restrictions of space may cause him to treat 
fully only a limited selection of individual topics. 

The book under review has been written by a chemical engineer for students 
of chemical engineering. As such it fulfils its purpose very adequately; it will 
also be found very useful by non-specialists as an introduction to the simpler 
concepts and elementary mechanical principles of non-Newtonian flow. These 
obvious merits imply in this case a degree of superficiality: because of the 
undoubted problems that arise in a more comprehensive mechanical treatment 
of non-Newtonian flow, a critical account of the several chapters of this book 
is given below. 

The first chapter is concerned, necessarily, with the classification of non- 
Newtonian fluids. The terminology adopted is as conventional as it could be, 
given the present stage of development of the subject; but this does not mean 
that it is a satisfactory terminology or that it is exhaustive. In particular, the 
author limits himself to a discussion of stress vs rate of strain laws for various 
bodies in glane shear only. Unfortunately this method fails to distinguish 
between many fluids of very different mechanical properties, properties—such 
as ‘cross-elasticity —which give rise to very different behaviour in more general 
types of flow (e.g. flow with a free surface, or flow past an obstruction). This 
severe limitation is maintained throughout the book; it is perhaps arguable that 
such a restriction is justified in a monograph for chemical engineering students, 
where the main application is to pipe flow, but the author should have made 
abundantly clear its restrictive nature. Mention should have been made of the 
results, if not the methods, of Oldroyd (Proc. Roy. Soc. A, 200, 1950, 253), Truesdell 
(J. Rat. Mech. Anal. 1, 1952, 125) and Rivlin (J. Rat. Mech. Anal. 4, 1955, 681). 
That their work is of a highly complex mathematical nature does not absolve 
any would-be author from considering it, for their results are of fundamental 
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importance in the subject. The general dynamics of any fluid system must be 
based on tensor equations of state. Nothing less will do. 

The treatment of visco-elastic fluids is rather unsatisfying. Only once, and then 
on page 37, long after the topic has been developed, is it explicitly stated that only 
the linear case is being considered. in other words only the ‘Newtonian’ approxi- 
mation for fluids wiv: a ‘memory’ is discussed. Much of the analytical discussion 
connecting creep functions and relaxation functions with generalized Maxwell or 
Voigt models is practically significant only for visco-elastic solids (i.e. materials 
for which the initial undeformed body geometry is crucially relevant throughout 
any experiment—and this is not in any sense an experiment into fluid behaviour). 
A further criticism is that many of the references are out of date, as a glance at 
the bibliography by anybody familiar with the literature will show. (For example 
the analysis of experimental data for visco-elastic systems in terms of linear 
Maxwell-Voigt models has been taken much further than the author suggests.) 

The second chapter, on the experimental characterization of non-Newtonian 
fluids, provides a fairly comprehensive picture of the methods available for 
investigating non-Newtonian fluids. (The analytic definitions given in the first 
chapter are of just sufficient complexity to explain the type of behaviour quoted 
in the second.) There is, however, one curious lapse when the recovery curve in 
a creep-recovery experiment is stated to be a mirror image of the creep curve; 
this is never strictly true. 

The third chapter, on the flow of non-Newtonian fluids in pipes and channels, 
is the most satisfactory of the book. It presents in a straightforward and ele- 
mentary fashion those aspects of non-Newtonian flow that are relevant to pipe 
design. Friction factors and velocity profiles for steady laminar flow are given 
diagrammatically. The section on turbulent flow in pipes gives a good survey of 
recent work on the subject, in particular that of Metzner and co-workers. Here 
the author is evidently on familiar ground. The shorter sections on the extrusion 
of polymer melts and the rolling of plastics show less familiarity with the subject 
of polymer flow. The idealization chosen for flow in a single-screw extruder is an 
incorrect (and out-of-date) one in that it neglects the cross-flows (see, for example, 
Industr. Engng Chem. 51, 1959, 765 and 841). Because of the critical effect of 
shear heating and of the shear and temperature-dependence of apparent viscosity, 
this error leads to major inaccuracies. 

The following chapters, on heat-transfer and mixing characteristics, are a little 
sketchy but this only reflects the lack of good theoretical or experimental work 
on the subject. The final chapter is on viscometric measurements and apparatus. 

A general impression given by parts of this book is of a lot of slightly undigested 
material being rather uncritically reported. This is a pity because it detracts from 
the merit of the more carefully written parts. The need for text-books on all the 
varied aspects of non-Newtonian flow has been felt for so long that any author 
attempting to fill the gaps is to be congratulated. Dr Wilkinson may not have 
produced a classical text on the mechanics of non-Newtonian fluids, but he has 
produced a book that should serve quite well as an introduction to the subject 
for students of engineering or chemical engineering. It is, moreover, pleasingly 
free from typographical errors. J. R. A. Pearson 
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Heat Transfer. By ALAan J. CHapman. The Macmillan Company, New York. 
1960. 452 pp. 63s. 

In the last few years many textbooks have been published which, like the one 
reviewed here, present the elements of heat transfer to senior undergraduate 
and first-year graduate students of engineering. One of the earliest, that by 
Eckert, has been widely imitated, both on content and in manner of treatment; 
the present book conforms to the same type. This reviewer greeted Eckert’s 
book enthusiastically, and has welcomed, though with diminishing fervour, its 
emulators. Surfeit has, however, now produced its accustomed effect, and the 
reviewer proposes, with apologies to Professor Chapman for using his book as 
the occasion, to begin the review with some remarks which apply more or less 
to the whole class of books referred to. 

The subject is presented as consisting of three sections: conduction, convection 
and radiation. On a superficial view it might seem that a review for the Journal 
of Fluid Mechanics could be restricted to the second of these. While pondering 
whether to make this restriction, the reviewer hit on one of the reasons for his 
growing dissatisfaction with the conventional treatment. It is that the books 
in question either obscure, or at least fail to exploit, the close relations which 
exist between the theory of heat conduction and the theory of momentum and 
heat transfer in the fluid-mechanical boundary layer. 

These relations derive of course from similarities in the governing differential 
equations, which are parabolic, linear in some cases, non-linear in others, and 
are as follows. 

For one-dimensional transient heat conduction with a uniformly distributed 
heat source or eer 


For the development of the steady two-dimensional velocity boundary layer 
ou ) du\ dp i 
Pua, = Php (ne = de (2) 


For the development of the steady two-dimensional thermal boundary layer 
with a uniformly distributed heat source 
0 
cpu 


a = pu wasp (how sp =p) + (3) 


Q is the strength of the heat source, ’ is the stream function and the other 
notation is conventional. 

The similarity between the equations has often been noted. Why then are the 
solutions to equation (1) not used as stepping-stones to those of equations (2) 
and (3)? To see how this might be done, let us consider the simple case in which 
the heat-source and pressure-gradient terms are absent. 

Equation (1), with boundary conditions appropriate to a semi-infinite medium 
with fixed wall temperature 7), has the solution 


u? 
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The function f involves the error function if £ is a constant; when k depends on 
temperature, however, the function must normally be determined numerically. 
This much usually appears in the conduction section of the textbook. 

Since equation (2), without the dp/dx term, has the same form, the student 
can now easily be led to appreciate that its solution must be 


* _» ¥ _ ‘ 
‘ Neugeaca) (5) 


where now, due to the non-linearity of the right-hand side of the differential 
equation, numerical evaluation is essential. There is nothing else new in the 
situation whatsoever. 

Equation (3) likewise has the solution 

D-Ty _ si . 
T.. —T,, ee 

If the conductivity is ndependent of temperature, and the velocity can be taken 
as uniform through the thermal boundary layer as is the case for fluids of low 
Prandtl number, fis again the complementary error function; the student has ob- 
tained his first solution to a convective heat transfer problem at no extra trouble. 

Of the many further relations which can be developed between conduction 
and convection it should suffice to mention two. First, in conduction theory, 
Duhamel’s theorem is usually presented, permitting equation (4) to be used (for 
constant conductivity) for the evaluation of the temperature distribution and 
heat transfer rate when the wall temperature varies with time. Discussion of this 
theorem can pave the way for a presentation of methods, such as those of Tribus 
and Klein, for the calculation of convective heat transfer when the wall tem- 
perature varies with position. Secondly, when the conducting medium is finite 
in extent, textbooks on conduction show how the temperature distribution can 
be expressed as the sum of an infinite series of eigenfunctions. In simple cases 
these are sines and cosines. The same is true of heat transfer into a fluid confined 
in a duct, the sole difference being that there, because of the non-uniform 
velocity distribution, the eigenfunctions do not usually have such a simple form. 

Once these relations and possibilities have been recognized, books such as 
that under review can be irritating. The author presents only the eigenfunction 
type of solution for the heat conduction equation; for convective heat transfer 
he presents only solutions like that of equation (6). Again, for convection he 
introduces approximate methods of the so-called ‘integral’ type, and readers 
who suspect that the same techniques might be valuable in conduction problems 
are given no encouragement. Dimensional analysis is introduced towards the 
end of the section on convection by way of illustrations drawn from elementary 
mechanics; the dimensionless groups which have cropped up on almost every 
page of the conduction chapters are not even mentioned in this connexion. 

From this point of view therefore the book must be regarded as unimaginative; 
the author has kept closely to the paths trodden by his predecessors without 
looking to right or left. Within these limitations, however, he has done a careful 
and painstaking job. For example, his derivation of the equations of motion of 
the boundary layer is more rigorous than in most works of this character; and 
many of the detailed infelicities of earlier authors are avoided. Minor blemishes 


(6) 
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remain; for example, figure 6.10(c) illustrates a boundary layer on a cylinder 
having zero thickness at the forward stagnation line, and on page 261 the author 
recommends, without comment, formulae for the local Nusselt number on cones 
which contain no mention of the cone angle. 

In conclusion, the reviewer would like to suggest-to publishers that the market 
for the present class of book is now saturated. What seem to be required in future 
are, on the one hand books which unify and so simplify the whole field of heat 
transfer, and on the other books which select one aspect of the subject and treat 


it much more thoroughly than has been attempted hitherto. D. Bi Searcene 


Turbulence. An Introduction to Its Mechanism and Theory. By J. 0. 
Hinze. New York: McGraw-Hill, 1959. 586 pp. $15.00 or £5. 16s. 6d. 


A book on turbulence written for the beginner and also for many others who 
have their primary interest in the applications has been long awaited. The two 
excellent Cambridge Monographs (Batchelor 1953 and Townsend 1956) do not 
serve this purpose, since both were written more for an audience already familiar 
with the field and interested more in the inner workings of turbulence than in its 
gross effects on the mean values of the flow parameters. 

Professor Hinze’s book fills this demand largely, although not quite completely. 
The book is, of course, much longer than either of the above two monographs 
and the topics »re handled with more attention to detail and to intermediate 
steps so it is easier reading for those who encounter the subject for the first time. 
It has certain value as a text-book, especially if used in a course on fluid mecha- 
nics for chemical engineers. 

The author explains in the introduction that the book grew out of a lecture 
series given by him at the Royal Dutch Shell Laboratory in 1950. Most of the 
features of the book that may be criticized are a direct consequence of its origin. 
First, there is a great emphasis on phenomena important to chemical engineering ; 
secondly, much more space is dedicated to the ‘state of the art’ as it was known 
before 1950 than to the later developments since that time. 

The problem of turbulence in a compressible medium is almost completely 
ignored throughout. (There are some short remarks about ‘effects of compressi- 
bility’ but apparently these have been added only as an afterthought.) At one 
place (p. 131), the strange notion is proposed that turbulent density fluctuations 
in a compressible flow are uniquely related to the fluctuations of the velocity 
component in the mean flow direction and this is obviously wrong. 

The reviewer also regrets that a vast array of applications in fields other than 
chemical engineering have not been included. More than anything else, this 
omission limits the usefulness of the book to serve as the principal text in a course 
on turbulence given for a group of graduate students as yet uncommitted to 
a more narrow field of specialization. Such a book is still awaited by those 
who have an active interest in teaching turbulence, both in theory and in appli- 
cations. The interaction of turbulence with sound and some astrophysical or 
meteorological applications would have added much to the breadth of the book. 

On the credit side, it must be acknowledged that the treatments of those 
topics that the author has decided to include are quite clear and skilful. The 
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book is non-partisan in the sense that Professor Hinze does not attempt to 
force some personal bias on the reader, and he does not attempt to promote his 
own favoured theories or interpretations. The chapters are distinct, some of them 
almost monographs in themselves, and each one merits a short separate account. 

I. General introduction and concepts (69 pages). It introduces the statistical 
concepts such as correlation function, one-dimensional spectrum, and deals 
clearly with the difference between Lagrangian and Eulerian representations. 
It is well presented and easy to read even by the uninitiated. 

II. Measurement of turbulent flows (68 pages). The author here gives a survey 
dealing mostly with the hot-wire anemometer. It is intended to familiarize the 
reader with the problem of turbulence measurement, but it does not serve as 
a text for the design of equipment or even for the performance of experiments 
with existing equipment without further study of other sources. The electronic 
circuitry is not treated at all and the measurements are concerned only with 
low-speed flows (both incompressible and slightly heated). 

III. Isotropic turbulence (103 pages). This is a good, well-detailed account 
of this classical subject, and for the beginner it may be even easier reading than 
Batchelor’s 1953 monograph. 

IV. Non-isotropic turbulence.(22 pages). This short chapter deals with homo- 
geneous shear flow and its significance is minor. 

V. Transport processes: turbulent flows (100 pages). This chapter in a way 
provides the raison d’étre of the book. The material collected here is quite valu- 
able as it is hard to find it elsewhere except scattered in the original publications. 
Naturally, often the treatment is still based on mixing-length concepts and there 
are many crude engineering approximations. It may be safely predicted, how- 
ever, that it will become one of the sources quoted most often in the chemical 
engineering community as far as turbulence is concerned. 

VI. Non-isotropic free turbulence (70 pages). VII. Non-isotropic wall tur- 
bulence (70 pages). Both of these chapters deal with shear flow turbulence. 
Although the flow configurations are largely identical with those treated in 
Townsend’s 1956 book, the approach is quite different. Professor Hinze em- 
phasizes the prediction of the effect of turbulence on mean qualities (diffusion 
and shear) and not as much the inner workings of the turbulent flow itself. 
Chapter VI deals with wakes and jets; chapter VII deals with boundary layers 
(with no pressure gradient) and turbulent pipe flow. From the point of view of 
applications to aerodynamics it would have been extremely useful to include the 
treatment of the turbulent boundary layer with a pressure gradient. 

There is an appendix on Cartesian tensors and it is quite useful. 

Probably the most important function of a book review is to allow the 
prospective reader to judge whether or not he should acquire the book. For 
those who use fluid mechanics in an applied field and want to learn something 
about turbulence, the book is quite valuable especially for those with chemical 
engineering leanings. For the student of turbulence it is quite useful as a 
reference on many applications. Professor Hinze has been quite successful in 
introducing turbulence to a new and growing group of engineering students. 


L. S. G. KovaszNay 
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